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Zeta functions

Motivating example

The congruent Zeta function

» X/F, - algebraic variety over finite field of g = p’ elements.
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» X/F, - algebraic variety over finite field of g = p’ elements.
> Ns(X) = #X(Fgs) - number of Fgs-rational points on X.
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Zeta functions

Motivating example

The congruent Zeta function

» X/F, - algebraic variety over finite field of g = p’ elements.
> Ns(X) = #X(Fgs) - number of Fgs-rational points on X.
» The Zeta function of X is

Zeta(X/Fq, T) := exp (Z Ns(X)-,:) € Q[[t]]

s=1
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Zeta functions

Motivating example

The congruent Zeta function

» X/F, - algebraic variety over finite field of g = p’ elements.
> Ns(X) = #X(Fgs) - number of Fgs-rational points on X.
» The Zeta function of X is

Zeta(X/Fq, T) := exp (Z Ns(X)-,:) € Q[[t]]
s=1

Theorem (Dwork '60)
Zeta(X/Fq, T) is a rational function of T.
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Zeta functions

Motivating example

WEeil conjectures (for hypersurfaces)

X smooth, projective hypersurface in P", we have:
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Motivating example

WEeil conjectures (for hypersurfaces)

X smooth, projective hypersurface in P", we have:

Theorem (Deligne '73)
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Zeta functions

Motivating example

WEeil conjectures (for hypersurfaces)

X smooth, projective hypersurface in P", we have:

Theorem (Deligne '73)

> Zeta(X/Fq, T) =
P(T)*!
1-T)(A-qT)(1-¢?T)---(1—-g"'T)
where deg P(T) = b,_1 = dim H/jz(X) = Betti number.
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Zeta functions

Motivating example

WEeil conjectures (for hypersurfaces)

X smooth, projective hypersurface in P", we have:

Theorem (Deligne '73)
> Zeta(X/Fq, T) =
P(T)*!
(1-T)(1-qN(A-¢?T)---(1—q"IT)
where deg P(T) = b,_1 = dim H/jz(X) = Betti number.

» If a reciprocal root of P(T), then so is ¢"1/a.
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Zeta functions

Motivating example

WEeil conjectures (for hypersurfaces)

X smooth, projective hypersurface in P", we have:

Theorem (Deligne '73)

> Zeta(X/Fq, T) =
P(T)*!
1-T)(A-qT)(1-¢?T)---(1—-g"'T)
where deg P(T) = b,_1 = dim H/jz(X) = Betti number.
» If a reciprocal root of P(T), then so is ¢"1/a.

» If a reciprocal root then |a| = q("~1/2_ (Riemann
hypothesis).
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Zeta functions

Motivating example

The Legendre family

Ey:y? =x(x—1)(x = \)
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Zeta functions

Motivating example

The Legendre family

Ey:y? =x(x—1)(x = \)

1—ay,T+pT?
(1-T)A-pT)

» Zeta(E\/Fp, T)
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Zeta functions

Motivating example

The Legendre family

Ey:y? =x(x—1)(x = \)

1—ay,T+pT?
(1-T)A-pT)
> NFP()\) =1- axp +p

» Zeta(E\/Fp, T)
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Zeta functions

Motivating example

The Legendre family

Ey:y? =x(x—1)(x = \)

1—ay,T+pT?
- 1-T)(-pT)
> NFP()\) =1- axp +p

» Soayp,=1— Np,(\) mod p

» Zeta(E\/Fp, T)
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Zeta functions

Motivating example

The Legendre family

Ey:y? =x(x—1)(x = \)

1—ay,T+pT?

- 1-T)(-pT)

NFP()\) =1- axp +p

So ayp=1-— Np,(\) mod p

If p large enough (not 2 or 3) N,(\) mod p is all we need to
know aj .

v

Zeta(E\/Fp, T)

v

v

v
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Zeta functions

Motivating example

The Legendre family

Theorem (lgusa '58)

p—1

_ p=1 11 2
Np,(A) = (—1) 2 [2F1 (2,2,1‘)\)]0 mod p.

NOTE: We also know that 2Fi(3, 3; 1|\) is the only holomorphic
solution around 0 of the Picard-Fuchs differential equation satisfied
by the periods of Ej.
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Counting points using Gauss sums and Jacobi sums Monomial deformations of diagonal hypersurfaces
A “new” approach

Gauss sums

> Let x1/(q-1) : Fqg = K™ be a fixed generator of the character
group of Fy where K is C or C,,.
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Monomial deformations of diagonal hypersurfaces

Counting points using Gauss sums and Jacobi sums
A “new” approach

Gauss sums

> Let x1/(q-1) : Fqg = K™ be a fixed generator of the character
group of Fy where K is C or C,,.

» Forsc ﬁZ/Z we let ys = (Xl/(q_l))s(qfl), and for any s

set xs(0) = 0.
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Monomial deformations of diagonal hypersurfaces

Counting points using Gauss sums and Jacobi sums
A “new” approach

Gauss sums

> Let x1/(q-1) : Fqg = K™ be a fixed generator of the character

group of Fy where K is C or C,,.

» Forsc ﬁZ/Z we let ys = (Xl/(q_l))s(qfl), and for any s

set xs(0) = 0.
> Let ¢ : Fy — K* be a (fixed) additive character.
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Counting points using Gauss sums and Jacobi sums Monomial deformations of diagonal hypersurfaces

Gauss

A “new” approach

Let X1/(q-1) : Fg = K™ be a fixed generator of the character
group of Fy where K is C or C,,.

-1)

For s € ﬁZ/Z we let xs = (Xl/(q_l))s(q , and for any s

set xs(0) = 0.
Let ¢ : F; — K* be a (fixed) additive character.
Z]Z we let g(s) denote the Gauss sum

=D xs()9(x)

x€lFq

For s € (q )
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Counting points using Gauss sums and Jacobi sums Monomial deformations of diagonal hypersurfaces
A “new” approach

A family with a large group action

Let
X>\:Xf+---+x,fl—d)\xfl---xh"20

n

where each h; is a positive integer, > h; = d and
ged(d, hy,..., hy) = 1.
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Counting points using Gauss sums and Jacobi sums Monomial deformations of diagonal hypersurfaces
A “new” approach

A family with a large group action

Let
X>\:Xf—}—---%—xf,l—d)\xfl---x,f,’"zo

where each h; is a positive integer, > h; = d and
ged(d, hy,..., hy) = 1.

> Let p1 be the group of n-tuples of d-th roots of unity in Fg.
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Counting points using Gauss sums and Jacobi sums Monomial deformations of diagonal hypersurfaces
A “new” approach

A family with a large group action

Let
X ZXf—}—---—{—X;;I—d)\X{’l-“X:" =0
where each h; is a positive integer, > h; = d and
ged(d, hy,..., hy) = 1.
> Let p1 be the group of n-tuples of d-th roots of unity in Fg.
> Let A be the diagonal elements of .7, i.e. elements of the

form (¢, -+, €).

Adriana Salerno Counting points over finite fields



Counting points using Gauss sums and Jacobi sums Monomial deformations of diagonal hypersurfaces
A “new” approach

A family with a large group action

Let
X>\:Xf—}—---%—xf,l—d)\xfl---x,f,’”zo

where each h; is a positive integer, > h; = d and
ged(d, hy,..., hy) = 1.
> Let p1 be the group of n-tuples of d-th roots of unity in Fg.
> Let A be the diagonal elements of .7, i.e. elements of the
form (€, -+ ,€).

The varieties X allow a faithful action of the group
G = {¢ € ugle" =1}/4,

by £ = (&1, ..,&,) taking the point (x1,...,X,) to
(§1X1,...,§nxn).
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Counting points using Gauss sums and Jacobi sums Monomial deformations of diagonal hypersurfaces
A “new” approach

A large group action

char(G) < W,
where
W={(wi,...,wn)[0<w;i <d,> wi=0 mod d},
and w' ~ w if w — w' is a multiple (mod d) of h.
Here

xw(€) == x(&"), V=€

and x is a fixed primitive character of py4, which we can get for
example by restricting x1/(q—1) to fq-
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Counting points using Gauss sums and Jacobi sums Monomial deformations of diagonal hypersurfaces
A “new” approach

Koblitz's result

Assume d|q — 1.
Theorem (Koblitz)

w + sh
1 g\ 4
se 2/
weW

h i + sh;
where we denote g (W —; > ) =1lg (W—;S>
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Counting points using Gauss sums and Jacobi sums Monomial deformations of diagonal hypersurfaces
A “new” approach

The Gross-Koblitz formula

Fix our attention on F,-points on our varieties.
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Counting points using Gauss sums and Jacobi sums Monomial deformations of diagonal hypersurfaces
A “new” approach

The Gross-Koblitz formula

Fix our attention on F,-points on our varieties.
Suppose we want to find a way to compute N, (A) mod p. We use
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Counting points using Gauss sums and Jacobi sums Monomial deformations of diagonal hypersurfaces
A “new” approach

The Gross-Koblitz formula

Fix our attention on F,-points on our varieties.
Suppose we want to find a way to compute N, (A) mod p. We use

Theorem (Gross-Koblitz)
Fors € ﬁZ/Z, we have

g(s) = =(=p)°Tp(s)-

Here, I, is the p-adic analog of the Gamma function.
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Counting points using Gauss sums and Jacobi sums Monomial deformations of diagonal hypersurfaces
A “new” approach

The 0-dimensional family

Study Ng,(\) mod p for the family

Zy o xq + x5 — d)\xlngl =0.

Assume p is a prime such that d|p — 1. We use the following:

Formula (S)
L e ()0 ((42)

Ng, (A) = N, (0) + P Zo

w(dr)~%

where 7(a) = (ﬁ + {(d‘:%l)a} _ {p% )
Notation

> W ]F; — (C; - Teichmiiller character. (w(x) = x mod p)

P> {x} = x — [x], fractional part of x.
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Counting points using Gauss sums and Jacobi sums Monomial deformations of diagonal hypersurfaces
A “new” approach

The 0-dimensional family

Theorem (S)

Let a® = (3., 43), 69 = (e, ).
N, (A) — N, (0)
& N J PRI G
= 3 [Fuaa® 50)(d - )= @Dx)] 2 o
i=0 d—1

Wherea(i):(%—i—l,...,g—i—l,%,...,%),and

) 1 i i+1 d—2
5(')—<ﬁ+1v--wﬁ+17ﬁw--vﬁ

N———

[u(z)]J, denotes the polynomial which is the truncation of a series
u(z) from n= to j.

Adriana Salerno Counting points over finite fields



Counting points using Gauss sums and Jacobi sums Monomial deformations of diagonal hypersurfaces
A “new” approach

The 0-dimensional family

So for example in the case d = 3 we get that

p—1
121 1 R
NFP(/\)_N]FP(O) = |:2F1 <373;2‘22)\3):|
0
423 1 \]5 !
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Counting points using Gauss sums and Jacobi sums Monomial deformations of diagonal hypersurfaces
A “new” approach

The Dwork family of K3's

X o X} 4 x5+ x5 + X3 — 4dxyxoxaxg = 0.

The set W is made up of 64 vectors, but we can split them up into
16 equivalence classes, and of those there are only three “types”.
These are

(0,0,0,0),(1,1,1,1),(2,2,2,2),(3,3,3,3)
(0,1,1,2),(1,2,2,3),(2,3,3,0),(3,0,0,1)

(0,0,2,2),(1,1,3,3),(2,2,0,0),(3,3,1,1)

The rest are permutations of these. So there is one class of the first
type, 12 classes of the second type, and 3 classes of the third type.
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Counting points using Gauss sums and Jacobi sums Monomial deformations of diagonal hypersurfaces
A “new” approach

The Dwork family of K3's

+— Xas(4A) (52)
p—1 iy g(4s)
3 g(s)’g(s + 3)°
+p -1 sGZZ/Z g(4s) vl 5
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Counting points using Gauss sums and Jacobi sums Monomial deformations of diagonal hypersurfaces
A “new” approach

The Dwork family of K3's

Using Gross-Koblitz and taking mod p leaves only (S1), so

p=1_ 4
113 4
NF ()\) - NF (O) = |:3F2 (aa;lal‘ >\_4>:| mod P
b b 424 .
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Counting points using Gauss sums and Jacobi sums Monomial deformations of diagonal hypersurfaces
A “new” approach

The Dwork family of K3's

Xenia de la Ossa and Shabnam Kadir:
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Counting points using Gauss sums and Jacobi sums Monomial deformations of diagonal hypersurfaces
A “new” approach

The Dwork family of K3's

Xenia de la Ossa and Shabnam Kadir:

1

2o D) = ATy — p1a = P P(T)
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Counting points using Gauss sums and Jacobi sums Monomial deformations of diagonal hypersurfaces
A “new” approach

The Dwork family of K3's

Xenia de la Ossa and Shabnam Kadir:

1

2o D) = ATy — p1a = P P(T)

P(T) = R(O,O,O,O)(T)R(30,o,2,2)(T)R(lo2,1,1,2)(T)
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Counting points using Gauss sums and Jacobi sums Monomial deformations of diagonal hypersurfaces
A “new” approach

The Dwork family of K3's

Xenia de la Ossa and Shabnam Kadir:

1
1-T)A-pT)1-p?T)P(T)

Zeta(X/Fp, T) =

P(T) = R(O,O,O,O)(T)R(30,o,2,2)(T)R(lo2,1,1,2)(T)

where
> R0,000)(T)=(1£pT)(1—aT +p?T)
> R0,022)(T)=(1%xpT)(1£pT)
> Ro1,12)(T) =
{ [(1-pT)(1+ PT)]1/2 when p =3 mod 4
(1+pT) otherwise
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Counting points using Gauss sums and Jacobi sums Monomial deformations of diagonal hypersurfaces

A “new” approach

Let N(a) be the number of Fg-points on the projective
hypersurface defined by

h(l) (1) h(’) (r)
alxll Xr’:” +"‘+OérX11 X:" :0’

where «a is an r- tuple of nonzero elements of Fy, and ¢ )(hlg).
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Counting points using Gauss sums and Jacobi sums Monomial deformations of diagonal hypersurfaces

A “new” approach

Let N(a) be the number of Fg-points on the projective
hypersurface defined by

h(l) (1) h(’) (r)
alxll Xr’:” +"‘+OérX11 X:" :0’

where «a is an r- tuple of nonzero elements of Fy, and ¢ )(h,w.
We abbreviate this as > ;_; aixh?.
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Counting points using Gauss sums and Jacobi sums Monomial deformations of diagonal hypersurfaces

A “new” approach

Let N(a) be the number of Fg-points on the projective
hypersurface defined by
h(l) (1) h(’) (r)

alxll "‘Xri:n +"‘+OérX11 ...X:" :07
where «a is an r- tuple of nonzero elements of Fy, and ¢ )(h,w.
We abbreviate this as > ;_; aixh?.
Let N*(a) denote the number of points with all coordinates
nonzero on the hypersurface.
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Counting points using Gauss sums and Jacobi sums Monomial deformations of diagonal hypersurfaces

A “new” approach

Theorem (Delsarte '51, Furtado Gomida '51)
N (@) =) xuH(@)en,

where the summation is over all w € (Z/(q — 1)Z)",
> w; = 0 mod q, which index the characters of,u;_l/A, for which

Zhj(.i)w,-EOmodq for all J=1...nm

and for such w, ¢, = —%(q -1y (%, cel q"f ) , unless
. . _ —1 r—1__ -1 r—1
w = (0,...,0), in which case ¢,;, = (¢ —1)" ’%.
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Counting points using Gauss sums and Jacobi sums

Monomial deformations of diagonal hypersurfaces
A “new” approach

In terms of Gauss sums the expression for the coefficients becomes

g (&) P g <b>

_ q—1 q—1

S = (4= 1)" "xw, (1) " i\
g (ﬁ _|_ e + q—l)

Adriana Salerno
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Counting points using Gauss sums and Jacobi sums Monomial deformations of diagonal hypersurfaces
A “new” approach

The Klein-Mukai pencil

Let

4
Xy Xfxz + X23X3 + X33X1 + x5 — 4pxixox3xg = 0.

Delsarte gives us a way to compute N*(1,1,1,1, —44)) in terms of
Gauss sums. In fact, same formula works to find the number of
points with some zero coordinates (just count points on a different
variety!).
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Counting points using Gauss sums and Jacobi sums Monomial deformations of diagonal hypersurfaces
A “new” approach

The Klein-Mukai pencil

If7 fg—1:

() = —
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Counting points using Gauss sums and Jacobi sums Monomial deformations of diagonal hypersurfaces
A “new” approach

The Klein-Mukai pencil

Considering only over FF, and using the Gross-Koblitz formula we
get:

1 3 2 22 rp(r/(p - 1)) (4r/(p—1)—{4r/(p—1)}
N(p) =4p—2+ —— — 4 6p — 4 — AA . - a1
(W) =tp =2+ o (" R D P oy R e
Which modulo p is exactly the same hypergeometric function we
obtained for the Dwork family K3. That is

p—1__
7 —1

Ny)-2= {3"—2 (411 % Z;l,l‘A“)]o mod p
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Counting points using Gauss sums and Jacobi sums Monomial deformations of diagonal hypersurfaces
A “new” approach

The Klein-Mukai quartic

If 7|g — 1:

6

1 1 k 2k 4k
N* ()= —— |¢®— 4> +6q—4—=S J[=, =, —
(¥) q_llq g’ + 6q qé -7 g

1=
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Application: arithmetic mirror symmetry

Zeta function of the mirror

de la Ossa:

1
(1-T)1—pT)1—p2T)R0,0,00)(T)

Conjecture: Factor corresponding to invariant period appears in
mirror zeta function and alternate pencils.

Zeta(Y /Fp, T) =
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Computational considerations (Henri Cohen)

We have a formula involving Jacobi sums. How can we compute
these?
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Computational considerations (Henri Cohen)

We have a formula involving Jacobi sums. How can we compute
these?

1. Compute directly - By properties of Jacobi sums, an order r
Jacobi sum can be expressed as a product of r — 1 Jacobi
sums of order 2. The total cost of the computation is of the

order O((r — 1)g?).
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Computational considerations (Henri Cohen)

We have a formula involving Jacobi sums. How can we compute
these?

1. Compute directly - By properties of Jacobi sums, an order r
Jacobi sum can be expressed as a product of r — 1 Jacobi
sums of order 2. The total cost of the computation is of the
order O((r — 1)g?).

2. Can gain a factor of (r — 1) by fixing a generator of the
multiplicative character group.
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Computational considerations (Henri Cohen)

We have a formula involving Jacobi sums. How can we compute
these?

1. Compute directly - By properties of Jacobi sums, an order r
Jacobi sum can be expressed as a product of r — 1 Jacobi
sums of order 2. The total cost of the computation is of the
order O((r — 1)g?).

2. Can gain a factor of (r — 1) by fixing a generator of the
multiplicative character group.

3. Louboutin - if p = g (the largest part of the computation),
Gauss sums are linked to the root numbers of #-functions
associated to the characters. Cost is O(g3/2%).
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Computational considerations (Henri Cohen)

We have a formula involving Jacobi sums. How can we compute
these?

1. Compute directly - By properties of Jacobi sums, an order r
Jacobi sum can be expressed as a product of r — 1 Jacobi
sums of order 2. The total cost of the computation is of the
order O((r — 1)g?).

2. Can gain a factor of (r — 1) by fixing a generator of the
multiplicative character group.

3. Louboutin - if p = g (the largest part of the computation),
Gauss sums are linked to the root numbers of #-functions
associated to the characters. Cost is O(g3/2%).

4. Use p-adic Gamma function. Cost is about O(p'*¢), no more
efficiend than theta functions a priori.
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Computational considerations (Henri Cohen)

The main interest is we only need to compute values modulo p or
p?, since we know the number of points is an integer and we have
the Weil-Deligne bounds. Although this is a O(g?) method, it is
the best available when p = g2, and even when p = g, since we
can work mod p and the implicit constant of O() is very small, it is

quite competitive in practice (p < 10* for instance).
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Sage days ideas

Things we can compute

» Basic: Convert Pari code to Sage code.
» Count points on hypersurfaces in P! x P! x P!

» Count points on the mirror hypersurfaces.
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