MAT 167 Calculus Solution

e Problem 4

Determine on which domain

(22 —4)/(z+2) ifzx<0
g(x) = 5 ifz=0
(23 4222 — 22 —4)/(2* +4x+4) ifz>0

is continuous. Can the function be redefined to have a greater domain of continuity?

Solution
— If £ < 0 then:
oz) = (22 — 4) _ (x —2)(x+2)
(x +2) (x +2)
This function is not continous since at x = —2 the function is not defined at z = —2.
However, since
lim g¢g(z) = (z=2)(z+2) S
r——2" (.23 + 2)
lim g(x) (x —2)(z+2) _ 4
z——21 ({L‘ —+ 2)

the limit from the left equals the limit from the right, so that if we define

§(2) = (& - )

then g(x) =z — 2 and g(z) = g(x) except at x = —2 and § is continuous on (—o0, 0).
— If 2 > 0 then:
(> —2)(x+2) a*—-2

(x +2)2 x + 2

g(x) = (2 +22% — 22 —4)/(2® + 4w +4) =

and ¢(z) has no singularities on the domain (0, 00) since x = —2 where the denominator
vanishes is outside the domain of definition of this branch of the function. Thus

2
x°—2

= (2*+22° — 22 —4)/(2® +4x +4) =
gl@) = (2" + 20" -2 —4)/(@" +dv +4) = ———

are the same functions and g(z) = (z* — 2)/(x + 2) is continous on (0, 0o).



— If z =0, then consider

lim g(z) = lim o —2 = -2,

z—0~ z—0~
and

2
_9
* S

li = li
L
Thus lim, - g(x) # lim, o+ g(z) and g(x) is not continous at x = 0. This is not a
removeable discontinuity since we cannot redefine g(0) in a manner which makes the limit
from the left equal the limit from the right and equal to the function values ¢(0).

From this the conclusion is that g¢(z) as defined, is continuous on the intervals

(_007 2) U(27 0) U(07 OO)

— If we define
r—2 ifxr<0
g(x) = -2 ifx=0
(22 =2)/(x+2) ifx>0
then g(x) = g(z) except at x = —2 and = = 0 and § is continuous on (—oo, 0] (0, c0).
— If we define

r—2 ifxz<0
g(x) = —1 ifz=0
(22 =2)/(z+2) ifz>0

then g(z) = g(x) except at x = —2 and = 0 and g is continuous on (—oo, 0) J[0, 00).
There is no way to redefine g to be continuous on (—o0, ).

e Explain the behavior of f(z) = ape” + a1z + asx? as © — oo and x — —oc.
Solution
Consider the case when z — oo:

— Observe that as © — oo the term e® dominates any polynomial, that is, for all = sufficiently
large

e’ > ™.

Thus for large = the behaviour of f(x) will be determined by the behaviour of agxz?. Thus,
if ag > 0 then f(z) — oo if ag < 0 then f(z) — —o0.



— If ag = 0 then the term age® vanishes and the behaviour of the function as ¢ — oo
is determined by the term asz?. Thus if a; > 0 then f(z) — oo and if a3 < 0 then
f(z) — —o0.

— If ag = 0 and ay = 0 then the terms ape® and asz? vanish and the behaviour of the function
as © — oo is determined by the term a;z. Thus if a; > 0 then f(z) — oo and if a; < 0
then f(x) — —oc.

— If all of the a; = 0. Then the function is identically zero for all x.
Consider the case when x — —o0:

— Observe that as x — —oo the term e” vanishes that is,

lim e* — 0.

Thus for large negative = the behaviour of f(x) will be determined by the behaviour of
asz?, hence if ay > 0 then f(z) — oo, and if ay < 0 then f(x) — —oc.

— If ay = 0 then the term a,2? vanishes and the behaviour of the function as z — —oo
is determined by the term ayz. Thus if a; > 0 then f(z) — —oo and if a; < 0 then
f(x) = oc.

— If a3 = ag = 0 then the function behaves like age”, that is, as © — —oo, then f(z) — 0.

— If all of the a; = 0, then the function is identically zero for all x.



