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1 Quaternion quotient graphs

Let k = F, be a finite field, A = k[T] and K = Quot(A). Let vy, be the valuation on
K defined as voo(i) = deg(g) — deg(f) for f,g € AN{0} and v,,(0) = 00, and let K,
be the completion with respect to this valuation. We fix the uniformizer © = % and
view K as the field of formal Laurent series k((7)). Let Oy be the ring of integers
in K. For any finite place p of K we let K}, denote the completion of K at p, Ok,

the ring of integers and g, the residue degree [A/p : k|.

1.1 Notation from graph theory

Definition 1.1 (a) A (directed multi-)graph G is a pair (Ver(G), Edg(G)) where
Ver(G) is a (possibly infinite) set and Edg(G) is a list of triples (v,v',i) with
v,v" € Ver(G) and i € {0,... @y} with ne.y € No, where we assume that to
each e = (v,v',i) € Edg(G) we have e* := (v',v,i) € Edg(G) and that for each
v € Ver(G) the set

Nbs(v) := {v' € Ver(G) | (v,v',0) € Edg(G)}

18 finite.

(b) A subgraph G' C G is a pair of subsets (Ver(G'), Edg(G")) with Ver(G') C Ver(G)
and Edg(G") C Edg(G) such that G’ is a graph.

An element v € Ver(G) is called vertex, an element e € Edg(G) is called (oriented)
edge. The oriented edges (v,v’,4) and (v, v,7) denote the same edge of G however with
opposite orientation. For each edge e = (v,v',1) € Edg(G) we call o(e) := v the origin
of e and t(e) := v’ the target of e. An edge with o(e) = t(e) is called a loop. Two
vertices v, v’ are called adjacent, if there is an edge e such that {v,v'} = {o(e),t(e)}.

Definition 1.2 (a) A graph G is finite, if # Ver(G) < oo.
(b) For v € Ver(G) the degree of v is defined as

degree(v) := Z N0

v/ €Nbs(v)

(c) A graph G is called k-regular if for all vertices v € Ver(G) we have degree(v) = k.

(d) Let v,v'" € Ver(G). A finite path (or simply path) from v to v’ is a finite subset
{e1,...,er} of Edg(G) such that t(e;) = o(ejr1) for alli = 1,...,k — 1 and
o(er) = v, t(ex) =v'. The integer k is called the length of the path {ey, ... ex}.

(e) A graph G is connected if for any two vertices v,v" € Ver(G) there is a finite
path from v to v'.

(f) A path {ey,...,ex} is a path without backtracking if for alli =1,... k — 1 we
have e;+1 # €.

(9) A geodesic from v to v of G is a finite path from v to v' without backtracking.

(h) A cycle of G is a geodesic from v to v for some vertex v.
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(i) A graph G is cycle-free if it contains no cycles.
(j) A tree is a connected, cycle-free graph.

Note that if G is a tree, then for each two vertices v,v" € Ver(G) there is exactly one
geodesic between v and v'. In this case we call the length of the unique geodesic the
distance from v to v’, denoted by d(v,v’).

Definition 1.3 (a) We define the first Betti number hi(G) of a finite connected

graph to be

_ #Edg(9)
2
Any finite graph G can be viewed as an abstract simplicial complex, and one obtains
in this way a topological space |G|, the geometrical realization of G. The first Betti
number /;(G) is the dimension of H*(|G|, Q). The Betti number of the graph G counts
the number of independent cycles of G.

hi(G) : — # Ver(G) + 1.

1.2 The Bruhat-Tits tree

We will define a combinatorial object, the Bruhat-Tits tree of PGLy(K ), which plays
an important role in the arithmetic of K:

Definition 1.4 The graph T, the Bruhat-Tits tree of PGlLa(K ), is defined as fol-
lows: Ver(T) is the set of equivalence classes A = [L] of Oy -lattices in K2 . For two
such lattice classes A, N € Ver(T) we define (A, N',0) € Edg(T) if and only if there
are L € A, L' € A" such that L' C L and L/L' = k.

We have the following theorem:

Theorem 1.5 The graph T is a (q+ 1)-regular tree.

PROOF: See [Sel, Chapter IL.1]. n

Let e; = (1,0),e3 = (0,1) be the standard basis of K2 . An Oy-lattice v104 ® 1904
in K2 corresponds to a matrix (vy,v) € GLa(K). Since GLo(K ) acts transitively
on these matrices and Stabar,(k..)(€1000 @ €20) = GL2(Ox), the set of Ox-lattices
in K2 is in bijection with GLy(K)/GL3(O), and hence we obtain:

Proposition 1.6 The map

0 : GLy(Kw)/GLa(Ox) KL — Ver(7)
A — (e, e2)AO%]

18 a biyjection.

Our next goal is to identify the vertices in the tree with explicitly given matrices and
to see, which matrices correspond to adjacent vertices in the tree. The next Lemmas
will help us with that.
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Lemma 1.7 Every class of Gla(Ko)/GLa(Os) K2, has a unique representative of

the form
(77" g(ﬂ))
0 1

We call this representative the vertex normal form of a matrix v € GLy(K) or of
the corresponding vertex ¢(7).

withn € Z and g € Ko /7" Ox.

Ty T2

PROOF: Let v = (:r: -
3 T4

) € Glo(Ky). If voo(x3) < voo(4) we multiply from the

right with <(1) (1)> to swap the columns of 7. Hence we can assume vo,(23) > voo(24).
0

1
Multiplying from the right with (_x_3 1) € GLy(Oy) gives

T4
1 T2 1 0 . Try — % )
Trs T4 —i—i 1 o 0 Ty '
Multiplying with z; ' € K* we obtain an equivalent matrix of the form
Z1 R9
0o 1/

-1
Write z; = n"e with € € O and multiply from the right with <8 0

0 1
. . "y
to obtain a matrix of the form ( 0 1).

™ a\ (7™ b ros\ _[(m"r+bt 7s+bu
0 1/ \0 1 t u) t U

with ("’ S) € GLy(0)K*,
t u

If we have

we conclude from the last row v = 1,¢ = 0 and hence

(oo}

r =1 and m = n. The entry in the upper right corner is therefore only determined
up to m"0Ox. n

Remark 1.8 The proof of the previous Lemma was constructive and gives us an
algorithm to compute the vertex normal form of a matrix ~.

Lemma 1.9 Let A and B be the two matrices

A= (ﬂ&) g(lw)) B <w’z)+1 g(W)Jlrom”>

withn € Z,a € k, g € Koo /T"On and let Ly and Ly be the two lattices
L1 = (61762)14,[/2 = (61,62)3.

Then Ly D Ly and Li/Ly = k.
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v = (”(')n) and vy = (9(1”)) .

Then Ly = (v, )0, and Ly = (wvy,ve + avq)o,,. Hence

[e'e]

PROOF: Set

Ly D Ly O 7wly.
But v € Ly and vy + avy & wLq, so
L1 2 L2 2 7TL1

and therefore Li/Ls = k. n

Using the Lemma we find ¢+ 1 adjacent vertices to a vertex corresponding to a given

g(m)
0 1
adjacent vertices, these have to be all adjacent vertices of . In Figure 1 we have
illustrated the tree together with the matrices corresponding to vertices. Note that
each line in the picture symbolizes actually a whole fan expanding to the right. The
elements o € k*, B € k agree on each fan.

matrix v of the form . Since we know that every vertex has exactly ¢+ 1

(71’ ar 2 4 Bt 4 52)
1

0

)

with a € k*, 8; € k compatibly chosen

Figure 1: The tree 7 with the corresponding matrices

Notation 1.10 In text-mode we write L(n, g(m)) for the O -lattice (vy,v2)0,, where
" T
v = (0> and vy = (g(l )>

1.3 Quaternion algebras

Let K denote for a moment an arbitrary field.
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Definition 1.11 A quaternion algebra D over K is a central simple algebra of di-
mension 4 over K.

There is a unique anti-involution =~ : D — D such that v + 4 and v¥ are in K for all
~ € D. This map is called conjugation on D and we can use it to define the reduced
trace and norm of an element v € D as trd(y) := v+ 7 and nrd(y) := 7.

Definition 1.12 Let a,b € K*. We define (“—b) to be the K-algebra with basis
1,7,7,%5 and relations

e i’ =a,j?=0b,ij = —ji for char(K) # 2 and

e i*+i=ua,j>="b,ij =j(i+1) for char(K) = 2.

It is not hard to show, that any quaternion algebra over K is isomorphic to (“?b)

for some a,b € K, see [Vi, Chapitere I.1] or [JS, Kapitel IX] for char(K) # 2. Any
v E (“?b) can be uniquely written as v = Ay + Aot + A3j + A2 with \; € K.

For char(K') # 2 the anti-involution is given by 7 = A; — Ayt — A\3j — A\yij and we
compute trd(y) = 2A; and nrd(y) = A2 — aA — bA2 + ab)\2.

For char(K) = 2 the anti-involution is given by 7 = Ay + Aa(i + 1) + A3j + A\gij and
we compute trd(y) = Ag and nrd(y) = A7 + aA3 + bA; + abA] + Ao + bAsA,.

The norm map of the quaternion algebra (a?b) gives us a quadratic form Q. :
(A1, ..o, Ag) = nrd(A 4+ Aot + Asg + Agij).

Any quaternion algebra is either a division algebra or isomorphic to My(K) (see [JS,
Satz 1.4, IX]) and we have the following proposition:

Proposition 1.13 Suppose char(K) # 2. Then the following are equivalent:
(a) D= (%) = My(K)
(b) There is an x € D, x # 0, with nrd(z) = 0.

(¢) The quadratic form Q. is isotropic, i.e. there are (x,y,v,w) € K*~{(0,0,0,0)}
with Qup(x,y,v,w) = 0.

(d) The equation Z* —aX? — bY? =0 has a non-trivial solution over K.
(¢) a € Image(Norm (K (v/b)/K)

(f) b € Image(Norm(K (y/a)/K)
PROOF: See [JS, Satz 1.9, Chapter IX]. n

Now let K be a global field and p a place of K.

Definition 1.14 A quaternion algebra D over K is ramified at p if and only if D @y
K, is a division algebra.

We define the Hilbert symbol of a pair (a,b) € K? at a place p as follows:

Definition 1.15

+1 (a?b) 1s unramified at p
(a7 b)KP = 1 (CL,b . .
— 7) 18 ramified at p.
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Now let K again be the field k(T") where k =F,,.

Definition 1.16 Let a,w be in k[T] with w irreducible. Define the Legendre symbol
of a and w as

1 a # 0 and a is a square modulo w
a
(—) =4 —1 a is a non-square modulo w

0 w divides a.

The proof of the next proposition is the adaptation to the function-field situation of
[Se2, Chapter 111, Theorem 1].

Proposition 1.17 Suppose q is odd. Write p = (@) and let a = w®u, b = w’v with
u,v € Ok, B € Z and let e(p) := 1 deg(w) (mod 2). Then

(a,b)k, = (_1)aﬂs(p) (ﬂ)ﬁ (E)a_

w w

PROOF: In the proof we write (a,b) for (a,b)x, -

The right hand side of the equation clearly depends only on o (mod 2) and 5 (mod 2).
If Qg is isotropic, then so are (244, Q.2 and vice versa. Hence the left hand side
also only depends on o (mod 2) and § (mod 2). Because of symmetry we only need
to consider the three cases (o, 3) = (0,0), (o, 5) = (1,0) and (a, B) = (1,1).

Case one: (a,3) = (0,0): Here the right hand side is 1, so we have to show that
Z? —uX? —vY? has a solution in K,. But Z? —uX? —vY? has a solution modulo w,
since all quadratic forms in at least three variables over a finite field have a non-trivial
solution (see [Se2, Chapter 1.2, Cor. 2]). Since disc(Z* — uX? — vY?) € O, this
solution lifts to O, by Hensel’s Lemma.

Case two: (a, ) = (1,0): We must check that (wu,v) = (£), From case one
we know that (u,v) = 1, hence u € Image(Norm(K,(y/v)/K,) and we have w €
Image(Norm(K,(y/v)/K,) if and only if uw € Image(Norm(K,(y/v)/Ky).

So (wu,v) = (w,v) and we may assume u = 1. If v = (¢v/)? is a square in K, then
clearly (£) =1 and also (v/,0,1) is a non-trivial solution of Z? — wX? — vY? = 0,
so (w,v) = 1. Let v be a non-square in K. Since v € O} , this is equivalent
to (£) = —1. Suppose Z? — wX? — vY? has a non-trivial solution (z,z,y). By
normalizing we can assume that (z,z,y) is primitive, i.e. (2,z,y) € Ok,, and at least
one of them is in OF. . Suppose either 2 =0 (mod @) or y =0 (mod @). Then since
22 —vy? =0 (mod @) and v # 0 (mod @) we obtain both 2 =0 (mod @) and y =0
(mod @) and hence @wz? = 0 (mod @w?), so z = 0 (mod @). Therefore (z,z,y) was
not primitive. So both z and y have to be non-zero modulo @w. Reducing 22 —wa? —vy?
modulo @ we obtain (£) = 1, which is a contradiction. So Z? — wX? — vY? has no
non-trivial solution, and hence (w,v) = —1.

Case three: (o, 8) = (1,1): We must check that (wu,wv) = (—1)°® (%) (). But

since ()my,—wy 1S 1sotropic we have
wv € Image(Norm (K ,(v@wu)/K,) & —w*uv € Image(Norm (K, (v/ou)/K,)

and hence
(wu, wv) = (wu, —w*w) = (wu, —uv),
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so we can apply case two and see that

= o= (2) - (2) (8) () - 057 () (2)

Let D be an indefinite quaternion algebra over K. Indefinite means that D is unram-
ified at the place oo, i.e. D Q@ Ko = My(K). Let R denote the set of all ramified
places of D.

Proposition 1.18 The number of places in R is finite and even and D is up to
1somorphism uniquely determined by R.

PROOF: See [Vi, Lemme I11.3.1 and Theoreme II1.3.1]. n

Let r be a monic generator of the ideal v := HpeRp. The ideal vt is called the
discriminant of D.

An order of D is a free k[T]-submodule of rank 4 in D that is also a ring. An order A
of D is called maximal if it is not properly contained in any other order of D. For any
4 elements 71, ...,v4 € D let disc(m, ..., 71) = det(trd(y;7;))ij=1,..4. For any order
A of D the ideal of k[T] generated by the set {disc(71,...,7) | v € A} is a square (see
[Vi, Lemme 1.4.7], and we define the reduced discriminant disc(A) to be the square root
of this ideal. Since k[T] is a principal ideal domain, for any k[T]-basis {v1,...,74}
of A the element disc(7i,...,7) generates the ideal ({disc(v1,...,7) | vi € A}k
An order A of D is maximal if and only if disc(A) = ¢, see [Vi, Corollaire IIL.5.3].
Since D is split at infinity and since K has class number 1, a maximal order A of D
is unique up to conjugation, i.e. for any other maximal order A’ we have A’ = yA~y~!
for an v € D*, see [Vi, Corollaire I11.5.7].

Let I' = T'(A) = {v € A | nrd(y) € k*}. Since D is unramified at K., we have
D ®k Koo = My(K) and we obtain an embedding ¢ : D — My(K). Via this
") c aLa(i).

The following Proposition is well known. We give a proof for the sake of completeness.

embedding I' is a subgroup of SLy(K )

Proposition 1.19 T is a discrete subgroup of GLa(K).

PROOF: The open sets {n"M5(O) | n € N} form a basis of open neighbourhoods of
0 in Ms(K ). Hence it suffices to show that AN 7" M3(O) is finite for all n € N. To
A we can associate a locally free coherent sheaf D over P, with generic fibre D and
such that for each open set U C P;. we have

D(U) = [ ((A @k K,) N D)

zelU
with K, the completion of K at x. Then

D, = (A®yx K,)N D

for all z € P} and
AN7T"My(Os) = H* (P, D(—nc0)),

and since D(—noo) is a coherent vector bundle of rank 4 over P} the dimension of
H°(P}, D(—noo)) as a k-vector space is finite. m
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We have a natural action of GLg(K ) and hence of I on 7. The goal of this chapter
is to understand the structure of I'\7 and to give an explicit algorithm to compute
this quotient graph.

1.4 Facts about quaternion quotient graphs

In this section we gather some known results about the quotient graph I'\7. The
results are all taken from [Pa].

Lemma 1.20 Letv € Ver(7) and v € T'. Than d(v,~yv) is even.

PROOF: See [Sel, Corollary of Proposition II.1]. n

Proposition 1.21 I'\7 is a finite graph, meaning # Ver(T) and # Edg(7T) are finite.

PROOF: See [Pa, Prop. 3.1]. n

Proposition 1.22 Let v € Ver(7T) and e € Edg(7T). Then I', := Stabr(v) is either
isomorphic to ¥y or Fy, and I'e := Stabr(e) is isomorphic to Fy.

PROOF: See [Pa, Prop. 3.2]. m

We call a vertex v projectively stable if I', = [} and a projectively unstable if I';, = F;.

Corollary 1.23 Let v € Ver(7) be projectively unstable. Then T, acts transitively
on the vertices adjacent to v.

Let

odd(R) = 0 if some. place in R has even degree,
1 otherwise
and let
1

=1

q _

Let 7 : 7 — I'\T be the natural projection.
Theorem 1.24 (a) The graph I'\T has no loops.
(b) hi(I\T) = g(R).

(¢) For v € T\T and v € 7~ (v) we have: v is a terminal vertex if and only if v is
projectively unstable and v has degree ¢+ 1 if and only if v is projectively stable.

(d) Let Vi and Vgiq be the number of terminal and degree q + 1 wvertices of T'\T .
Then

1
Vi = Q#R—l Odd(R) and ‘/;]_‘_1 = qu<2g(R) -2+ ‘/1)

PROOF: See [Pa, Theorem 3.4] n
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1.5 An algorithm to compute the quotient graph

In this and the following section we give an algorithm to compute the quotient graph

I\7.

Remark 1.25 For any group G acting on a set X we can define a category Cq(X)
with Obj(Ce(X)) := X and

Homg(z,y) ={v€ G |gr=y} CG.

The composition of morphisms is given by multiplication in G. We will use this
notation. Note that

Endg(z) := Homg(x, x) = Stabg(z).

In this section we assume that we can compute Homr (v, w) effectively for all v, w €
Ver(7). Under this assumption the following algorithm computes the quotient graph
I'\7 and even a fundamental domain for the action of T" on 7. The algorithm also
attaches labels to some vertices and edges, these labels will be needed for a reduction
algorithm from 7 to the fundamental domain.

Algorithm 1.26 e Start with any projectively stable vertexr v and initialize a list
CurrentVertList := [(v,v1), ..., (v,v441)] where v; are all adjacent vertices of v.
Initialize a graph G with Ver(G) = {v} and Edg(G) = @. Initialize
NextVertList := &.

e While CurrentVertList is not empty:
e Fori =1 to # CurrentVertList do:

o Set v; := CurrentVertList[i|[2] and v, := CurrentVertList[i][1].

o If the vertexr v; is projectively unstable, then add the vertex v; and an edge
from v} to v; to G. This can be checked by testing whether # Endr(z) =
¢ — 1. We also store Endr(z) as a vertex label for v;. Further remove
(vi,v;) from CurrentVertList.

o If the vertex v; is projectively stable, then check for all j < i and

v; := CurrentVertList[j][2] whether I'v; = T'v;. This can be done by testing
whether # Homr(v;,v;) = ¢ — 1. If we found such a vertex v;, then add
an edge from v to v; to G. We also store any element v € Homp(v;, v;)
as an edge label for this edge (they only differ by k*). Remove (v}, v;) from
CurrentVertList. Compute v, using algorithm 1.8 and remove (v;,yv})
from NextVertList. If, after adding the edge to vj, the degree of vj is ¢+ 1,
then also remove (v}, v;) from CurrentVertList

(where v} := CurrentVertList[;][1] ).
o Ifw; is projectively stable and for all j < i we have I'v; # I'v;, then add the

vertex v; and an edge from v, to v; to G. For all adjacent vertices w # v,
of v; add (v;, w) to NextVertList.
e [f we are done with the for-loop set CurrentVertList := NextVertList and
NextVertList := @.
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e [f CurrentVertList is empty return G.

Proposition 1.27 Algorithm 1.26 computes the quotient graph I'\T .

PROOF: Let G be the output of algorithm 1.26. We need to show that any two distinct
vertices and edges in G are not [-equivalent and that for all v € 7 there is a vertex
v’ € G such that I'v =T'v'.

For the first assertion: Let vy, vy € Ver(G) and suppose yv; = vy for vy € T

We distinguish two cases:

Case one: If v; is projectively unstable, then since

Stabr (vy) = v Stabr(vy)y ™! (1)

vy also has to be projectively unstable. Hence both v; and vy are terminal vertices
in G. Let v} and v} be their unique adjacent vertices in G. Since v] is adjacent to
v1, we see that yv] is adjacent to yv; = ve. We know that Stabr(vy) acts transitively
on the vertices adjacent to ve. Hence there is a matrix 4’ in Stabr(vg) with v/yv] =
vy, so vy and v are I-equivalent. If v} and v were also projectively unstable and
therefore terminal vertices in G, then since G is connected G would have to be the
graph containing the two vertices vy, v, and one edge connecting them. But then v,
and vy have distance one, so by Lemma 1.20 they cannot be I'-equivalent.

So vy and v} are projectively stable I'-equivalent vertices and we can reduce this case
to case two.

Case two:

If vy is projectively stable, then by equation (1) also ve. Let v be the initial vertex
of the algorithm and let i1 = d(v,v1),72 = d(v,v3). W.lo.g. assume i; > i5. We
proof the assertion by induction over i;: If iy = 1 then also is = 1 (iy = 0 is not
possible because of Lemma 1.20). Hence the vertices v; and vy both have the same
distance 1 from v and since Homp(vy,v9) = ¢ — 1 they cannot be both in G, which is
a contradiction. The same reasoning rules out i; = iy for any 71,79 > 1.

Suppose 7; > 1. By Lemma 1.20 and the above observation we have iy = i + 2m
for some m € N>;. For j € {1,2} let v} be the vertex on the geodesic from v; to v
with d(v,v}) = i; — 1. Then by the construction of G we have v; € G. The vertex v}
is adjacent to yv; = vo. Hence v} is either v} or an vertex v adjacent to vy with
d(v,v8) =iy + 1.

We distinguish three cases:

Case I: yv] = v4: In this case since d(v,v]) = 13 — 1,yv] = v} and v}, v € G we can
use the induction hypothesis to obtain a contradiction.

Case II: d(v,yv}) = ia+ 1 and v} € G: In this case since d(v,v]) = iy — 1,d(v,yv]) =
io +1 < iy — 1 and v},yv; € G we can use the induction hypothesis to obtain a
contradiction.

Case III: d(v,yv]) = iy + 1 and v} € G: In this case, since yv] is adjacent to
vy and vy € G, by construction of G there is a 4/ € I' such that y'yv] € G and
d(v,y'yv]) = is + 1. So we are reduced to case II.

We showed that any two vertices in G are not I'-equivalent. But since for every edge e
of G at least one of the vertices {o(e),t(e)} has degree ¢+ 1 (except for the case that
G consist of only one edge), this also implies that two edges in G are not I'-equivalent.

For the second assertion:
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We already showed, that there are no I'-equivalent vertices or edges in G. Hence G is
a subgraph of I'\7. But since each vertex in G is either projectively unstable or has
g+ 1 adjacent vertices in G, we deduce that G is a connected component of I'\7. But

I'\7 is connected, hence G =T\7. nu

We further need an algorithm to compute for any v € Ver(7) a I'-equivalent ver-
tex v/ € G. This can be done in time linear to the distance of v to G. For this
algorithm we only need the stabilizers of the terminal vertices of G and the elements
v € Homp(v;,v;), which we both stored as vertex and edge labels during the compu-
tation of G. We call this algorithm the reduction algorithm:

Algorithm 1.28 Let G be the output of algorithm 1.26 with initial vertex v. Let v’
be any vertex in Ver(7T) and consider the geodesic Ty : (V' = Uy U1, ..., v) from v’
to v. Let v; be the vertex of ToN G closest to v. We call r = m — 1 the distance from
v to G.

If r =0 we have v' € G. In this case return (v',1).

If r > 0 distinguish two cases:

Case I: If v; is projectively unstable, then there is a matriz v € Stabr(v;) that maps
vit1 to a vertex of G. The vertex yv then has shorter distance to G then v, since of
the vertices (YU, YUm—1,- .., VVit1, Vi = v;) at least the last two belong to G. Hence
we can replace v by yv and apply the algorithm recursively to get some (w,7). We
then return (w,~7).

Case II: If v; is projectively stable, then since v; 1 is not in G but adjacent to v;, there
has to be an edge in G connecting some v' and v;_1 in G which is labelled with a matriz
v € T such that y' = v;y1. Then of the vertices (v v,y o1, ..., 7 vz =) at
least v tv;11 s in G, so v~ v has shorter distance to G then v, so again we apply the
algorithm recursively on vy~ v to get some (w,5). We then return (w,y~'7).

Proposition 1.29 Let v' in T and G the output of algorithm 1.26 with initial vertex
v. Then algorithm 1.28 computes a I'-equivalent vertex w of v' and an element v € T’
with yv' = w in time O(n) where n is the distance of v' to G.

PROOF: Since at each step of the algorithm the distance d(v’,G) gets smaller, the
algorithm terminates and needs at most d(v',G) steps. It is then clear that the
algorithm returns an I'-equivalent vertex w € G and a matrix v € I' with vv' = w. n

Example 1.30 In Figure 2 we give an example of the algorithm 1.26, where k = Ty

and r =T % (T + 1) % (T + 2) * (T + 3). We start with (7(; ?) as the initial vertex

. ) : . (10 Lo .
v. The adjacent vertices are corresponding to the matrix <O 1) , which is a terminal

2

vertex, and the five vertices corresponding to (75 Of) with a € k. We compute

2
that (7T O) is the only projectively unstable vertex and

0 1
2 2
sonr(7y 7). (5 T)=1



1 QUATERNION QUOTIENT GRAPHS 15

wton(7y ) (5 =4

This finishes the first step of the algorithm, as in the picture. In the second step we
then continue with the eight indicated vertices of level 3 ...

71

0
ceee
@)

72

[ XX X

Step 1 o Step 2

e projectively stable
o projectively unstable

Step 3

Figure 2: Example: k =F5, r =T * (T'+ 1)« (T + 2) x (T + 3)

1.6 An algorithm to compute Homp (v, w)
1.6.1 The case ¢ odd, odd(R) =1

We first give an explicit description of the quaternion algebra D and its maximal order

A.

Lemma 1.31 Let R = {py,...,pi} be a set of finite places of K with deg(p;) odd for
alli and | even, let  be a monic generator of the ideal v = []._, p; and let £ € k*\(k*)2.
Then (%) is ramified exactly at the places py,...,p;.

Proor: We compute the Hilbert symbols using Proposition 1.17. For (w) =p ¢ R

we have 0
(6,1)p = (~1)° (é) (£) =1
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and for (w) = p € R we have

©r=1r () () = (&) =g =

since deg(w) is odd. m

From now on we set D = (5£) with & € k*\(k*)? fixed throughout these section.

Lemma 1.32
A= (1,i,7,ij)a

1s a maximal order.

PRrROOF: A is clearly closed under multiplication and a lattice of rank 4. Hence A is
an order. We have to check, that A is maximal. This is the ideal generated by

trd(1)  trd(i)  trd(j)  trd(ij) 20 0 O

trd(i)  trd(s*)  trd(ij)  trd(ég) | 0 26 0 0 B 9 9
detl () wd(i) wd(?) wdGin | o o 2 o | T T

trd(ij) trd(iji) trd(ig?) trd(ijij) 0 0 0 —2r

We see, that A has reduced discriminant t, and hence is a maximal order. m

Lemma 1.33 The map v : D — My(K,,) defined by i — (2 é) and

j— <\6F _(\)/77) gives an isomorphism D Qg Ko = My(K).

PROOF: Since r = Hi:1 w,; with w; € A, | even and all deg(w;) odd, the degree of
r is even, hence we have /r € K. One checks that the given matrices (i) and
t(7) fulfil the relations ¢(:)? = &, 1(j)* = r and ¢(i)¢(j) = —u(j)e(7). This easily yields
(é—;) = My(Ky) under ¢. The isomorphism D ®p K, = (é—;) is obvious by

construction of D. g

We can compute the first n coefficients of /7 in K., = k((7)) in time O(n) by Newton
iteration and using 7 %/? as a first approximation.
Let vo = [L(0,0)]. Note that Stabar,(x.)(v0) = GL2(Os) K2 . Hence

and

GLy(0s) AT D CLy(k) AT = {a ((1] (1)) T (2 é) la,b ek, (a,b) £ (0,0)}.

Hence the vertex vy is projectively unstable, GLy(k) N T" = Stabr(vg) and 7(vg) is a
terminal vertex of I'\7.
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Let v; be the vertex [L(1,0)]. If vy is projectively unstable, then 7(v;) is also a
terminal vertex, and since vy and vy are adjacent in 7 this implies that I'\7 is the
graph containing two vertices and one edge connecting them. In that case V41 = 0.
If V41 # 0, then v; has to be projectively stable. Hence we can use vy as the initial
vertex for the algorithm 1.26. We already checked that vy is unstable. The other
vertices adjacent to vy are [L(2, ar)] for a € k, see Lemma 1.9. These are the vertices
we need to compare in the first step of the algorithm 1.26. Generally, Lemma 1.9
implies that in the n-th step of the algorithm we need to compare vertices of the form
[L(n,g(m))], where g € k[T] with deg(g) < n and ¢(0) = 0. The next Proposition
proves that we can do this in time O(n?).

Proposition 1.34 Given v = [L(n, g(7))] and v' = [L(n, ¢'(7))] as above there is an

algorithm that computes Homp (v, v) in time O(n?).

Proor: We have StabGLQ(KOO)<U0) = GLQ(OOO)K*

tively on 7 we conclude

Homgy,(k..) (v, v) = 7GL2(Oue) K2 ()~

and since GLo(K ) acts transi-

n n /
with v = (ﬂ(-) g (;T)> and 7/ = (ﬂ(-) g (17T)> the matrices sending vy to v respectively

v'. Hence
Homr(v',v) = /VGLQ(OOO)K;O(/}/)_I NT =yMy(Ox)(¥) ' NT.

We will give an algorithm to compute this set.

First observe that if we have any element 7 € YM5(O4)(7/) " N A, then taking deter-
minants on both sides we obtain nrd(7) € O, Nk[T] = k, and since D is a quaternion
algebra there are no non-zero elements of A having reduced norm zero. Hence

B0 AT = (G0 0 A )

Any element 7 of A can be written as

T—a((l) g)+b(2 (1))+c(\67_" —?/F>+d(g\0/F _(\)/F)
= (b v o_owk)

with a,b,c,d € k[T]. Then 7 € yMy(Os)(7')~! means that there are v, w,z,y € Oy

such that
T= (ﬂ; g (f >) <; Z) (WO” _g’(?”n>

_ (U +g(m)m "z ww+g(m)y — g'(T)v — Q(W)g'(f)ﬂ_"ﬂf)
T " y—g(m)r " '

Comparing the entries of the two matrices we obtain the condition

B =A

_ O o

<@ 8 & <
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with
10 7 0
a_lor 0 -
{0 & 0 &y
1 0 —y/r O
and
1 0 g(m)ym=™ 0
—g'(m) 7" —g(m)g'(m)m™" g(x)
B=| " T "0
0 0 7" () 1
Hence
b . () U(+)y+((g(7f) 9('())( ))
bl o anlw] —g'(m)v+g £ —g(m)yg 7ra:+7rw
S I e pv = py + plg(m) + 9/ ()7
d y pg'(m)v — pg(m)y + plg(m)g'(m) + & 1) x — prw
where p = 7 .

Since a, b, ¢,d € k[T], we can reduce the right hand side modulo 7O, to obtain

a Uo+y0+(()— /(W))
-1 _

c plg(m) + WDW x

d plg(m)g () +E)m
where vy (resp. yo) denotes the zeroth coefficient of v (resp. y).
Hence the tupel (a, b, ¢, d) depends only on zy := vy + yo and o, ..., x,, where x =
D s LT
Regarding zy, zo, . . ., x, as indeterminates we obtain polynomials
Asg zgins - - s Azgzo..xn € K[T] whose coefficients are linear forms in zg, zo, ..., Zp.

Moreover the above calculation shows that Homp(v', v) is in bijection to the solutions
of

azo s5L0yeeey Tn 0

BA | b | ¢ 0t g 8 1.

The expression on the left is a vector of Laurent series in k((7)). Thus the condition
can be regarded as a linear system of equations in the coefficients of the principal parts
of these series. The pole order of these series determines the number of equations to
hold. Since we have deg(as,4,..2,) < N — 1 ydeg(bzg o) < 1y deg(Cagagmn) <
n—1— 1deg(r) and deg(d.yus,...z,) < n — 3 deg(r) and since the matrix B~'A has
entries with valuation v, greater or equal n we get at most 8n — 1 linear equations
over k in the variables zg, xg, ..., ,. To obtain these equations we only need to know
B7'A mod 7™, which means that we need to know an approximation of v/r up to 2n
coefficients.

Solving these linear equations can be done in time O(n?) using Gauss elimination. m
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1.6.2 The case ¢ odd, odd(R) =0

Again, we first need an explicit representation of D and A. Let
R=A{p1 = (@1),...,p = (w;)} be a list of finite places of K with [ even. Let (r) =t
be as above.

Lemma 1.35 There is an irreducible monic polynomial o« € A of even degree such
that
(ﬁ) = —1 for all i and (Z> =1.
w; «

PRrOOF: Choose any a € A with

(2)=

for all 2. This can be done using the Chinese Remainder theorem. Now by the
strong form of the analogue of Dirichlet’s theorem ([Ro, Theorem 4.8]) the arithmetic
progression {a + rb | b € A} contains an irreducible monic polynomial « of even
degree. Since o = a (mod w;) we also have

(2)--

By quadratic reciprocity ([Ro, Theorem 3.3]) we then have

(@) = (—1)"z degades= (ﬁ) =1
o Wi

since deg(a) is even. But then

(5)=TI(2) = v =1

=1

Remark 1.36 In practice we find « by the following method:

Step 1: Start with m = 2.

Step 2: Check for all monic irreducible polynomials o of degree m whether (%) =-1
forall 1 < <.

Step 3: If we found an o with this property, then it fulfils the conditions of Lemma 1.35.
Step 4: Otherwise set m := m + 2 and go back to step 2.

Let o be as in Lemma 1.35 and define D := (%)

Proposition 1.37 The quaternion algebra D is ramified exactly at R.
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Proor: We compute the Hilbert symbols using Proposition 1.17. For (w) =p ¢ R

and @ not equal to o we have

and for p = («) we have

(1) = (~1)° (é) (5) =1

Finally for (w) = p € R we have

Since r is a square modulo «, there are ¢, v € A with deg(e) < deg(a) and €% = r+va.

Set S
€1+ 1)

AI:<€1:1762:i763:j564: >A'

Proposition 1.38 The A-lattice A is a maximal order of D.

PROOF: We first check, that A is an order. Let

&?i—l—ij_

S de,. . d..
y=a+bi+cj+d &—i—(b—i-g)l-l-Cj-i-aZj

with a, b, c,d € A be any element of A. Then trd(y) = 2a and

d

d B b2 4 2bdea + d2e?
nrd(’y) = a2 _ CY(b + _€>2 o T'C2 + CY'I"(—)Q _ a2 . 7"62 r o + co + d?e
«Q «

4+ — —
« «

2
r—e =a’® —rc® — b*a — 2bde + d*v

=a? —rc® — ba — 2bde + d?
«Q

are both in A. Since {ej, e, e3,e4} is an F-basis of D, we conclude that A is an
A-lattice of D. To check that A is a ring, we compute

€1€; = €;61 = €4,

€03 = —€3€y = 1] = ey — €€,
€l +1j )
€264 =1 =€E+ ) =¢ce +es,
er+1ij . _
€469 = 1=¢€— ) =¢ce — ez,

EL+1] gij + ij> gty +ir
€3€4 = ] L.

- o a
_eijti(E?—ar) i it
B oY B oY

= Vey — €ey,
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er+1j . El+1)
J==J
o

€463 = = —e364 = —Ve€y + €ey,

and
o (ei+if)? 2P -3 2y

2 2 2
€] = €1,6, = e, =Te1,6y — = = rej.
1 ) 22 » &3 ) 4 o? o2 a

So A is closed under multiplication and hence an order. To check that A is maximal,
we compute

2 0 0 O
0 2 0 2

det(trd(e;e;); j=1,..4) = det 00 2 o0l~ 167 (av — &%) = —161?
0 2 0 2v

.....

Lemma 1.39 The map v : D — My(K,) defined by i — (\{)a —?/&) and

J (S é) gives an isomorphism D Q Ko, = M2(Koo)-

PROOF: The degree of « is even, and so we have \/a € K. For matrices (i) and ¢(j)
one verifies the relations ¢(i)* = , 1(j)? = r and 1(i)c(j) = —¢(j)e(i) and concludes as
in the proof of Lemma 1.33. n

Let m = deg(«). Again we can compute the first n coefficients of \/a in Ko, = k((7))
in time O(n) by Newton iteration and using 7~™?2 as a first approximation.
Because of Theorem 1.24, we know that there are no projectively unstable vertices in
this case. We use vy = [O2] = [L(0,0)] as the initial vertex for the algorithm. The
vertices adjacent to v are [L(1,a)] for o € k and [L(—1,0)], see Lemma 1.9. These
are the vertices we need to compare in the first step of the algorithm 1.26. Generally,
Lemma 1.9 implies that in the n-th step of the algorithm we need to compare vertices
of the form [L(—ny + ng, g)], where ny,ny € Ng ny +ng =n, g € Koo /7 ™20, and
with the conditions that if no = 0 then g = 0 and if both ny,ns # 0 then v (g9) = —ny
(see also Figure 1). The next Proposition proves that we can do this in time O(n?).

Proposition 1.40 Given v = [L(—ny + ng, g)] and v' = [L(—n) + n}, ¢')] with g, ¢’
as above there is an algorithm that computes Homr(v',v) in time O(n?).

7T*TL1+712 g an’lJrn’Q g/ . .
PROOF: Let v = 0 1 and v = 0 1 the matrices sending vg to

v respectively v'. Hence
Homp(v/,v) = YGLy (O ) KL (') ' N T.

Since vy (det(y)) = —ny + ng, voo(det((7/) 1) = n} — n, and vy (det(a)) = 0 for all
0 € GLy(O4) we see that

7Tn1—n/1 0

Hompr(v',v) = vGL2(0y) ( 0 ﬂ_nln/l) (y)'nr.
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Again by taking determinants on both sides and the fact that O, N k[T] = k, we see
that this set equals

o) (T L) ertaasi(p o)

™

Any element 7 € A can be written as

) )

_ fat+bya+ds cJFd\/La
N r(c—d\/ia) a—bya—drx

N————
+
QL
//
S |*‘z§|"’
SISl
~

for some a,b,c,d € k[T).
Then 7 € vM>(Ox) <7r
such that

B romtne g vow 7Tn1—n’1 0 7Tn’1—n’2 _glﬂ_n’l—n’2
T= 0o 1)\z g 0 g 0 1

! ! ! ! ! o/

T2 T2y + g’ﬂ'nl "2 g —g/ﬂ'n2 "2 + Ty — gglﬂ'nl M2 + gﬂ'nl nly

- —_n! _ ! .
T g —g,ﬂ'nl 2 g + T nly

ny—nj 0

0 71”1"/1> (7/)~! means that there are v, w,z,y € O

Comparing the entries of the two matrices we obtain the condition

v a
w b
B x =4 c
Y d
with
AT
A= e
0 0 r !—a
1 —y/a 0 \/_2
and , /
2T 0 g 0
p_ | we —gg'm gt
0 0 "2 0
0 0 —g'mmTe g
Hence
a v
d y

—_nl ! o
71-”2 nQ’U + (g _ g/)ﬂ.nl an + ﬂ.nl nly
14+eg’_no—n e ,.no—n/ g+9'+e(g9'+1/7) _ni—n —l—eg, _ny—n/
—FTr 20 — —=T 1w — T 2r —FT 1
—1/2 o Ve 0+ o i Yy
_glﬂ_nz—n2v + ﬂ.nz—nlw + (1/7“ _ gg/),/T?u—an + gﬂn1—n1y

—Jag' T "y 4 Jar™ M + Ja(—1/r — g¢ )T "2 x 4 Jagn™ "My
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Hence the tupel (a, b, c,d) depends only on v := vy, ..., Vp—nytm/2,

W = W0, - Wit —pytmy2y X 7= L0y« s Tngmyz a0d Y = Yo, ..., Yn! ymj2 Where v =
Yoo vt (respectively w, x,y).

Regarding v, w,x and y as indeterminates we obtain polynomials ayv wx v, bv.wx.v,
cvwxy and dywxy whose coefficients are linear forms in v, w,x and y. Moreover
the above calculation shows that Homp(v', v) is in bijection to the solutions of

av,w X,y

Bia | sy | ¢ o1 (g
CV,W XY >

dvwxy

el e M e R )
—

The expression on the left is a vector of Laurent series in k((7)). Thus the condition
can be regarded as a linear system of equations in the coefficients of the principal parts
of these series. The pole order of these series determines the number of equations to
hold. Since we have deg(avwxy) < n, deg(bvwxy) < n+m/2, deg(cywxy) < n
and deg(dv,wx,y) < m/2+ n and since the matrix B~'A has entries with valuation
Uso greater or equal —(m/242n+deg(r)), we get at most (4n+m)(m/2+2n+deg(r))
linear equations over k in 4n 4+ m variables. To obtain these equations we only need
to know B~'A mod 7™/?*"*1 which means that we need to know an approximation
of /a up to 2n 4+ m + 1 coefficients.

Solving these linear equations can be done in time O(n?) using Gauss elimination.

|

1.6.3 The case ¢ even, general considerations

In the case q even we have to use a different representation for D, compare

Definition1.12. However in this case if D = (“?b) with a,b € K* then the subfield

K(v/b) C D is an inseparable extension of K once b ¢ (K*)? but D D K(i) with
i? +i+a = 0 is a separable Artin-Schreier extension of K. This asymmetry in the
role of a and b indicates that a formula like Proposition1.17 for the ramification of D
has to look quite different in this case.

The division algebra over K can be constructed in a systematic way as cyclic algebras,
we quickly recall this construction here. Let Br(K') denote the Brauer group of K,
that is the group of similarity-classes of finite-dimensional central simple algebras over
K, where two such algebras A, B are similar if there are positive integers m and n
such that M,,(A) = M, (B). We write [A] for the similarity class of A. Multiplication
in this group is defined by taking tensor products over K, the similarity class of K is
the unit element, and since A ® A°® = M, (K) with n = dimg (A) we see that every
element [A] of Br(K') has [A°P] as an inverse.

Let F be an extension field of K. Then we have a natural map ¢ : Br(K) — Br(F)
sending [A] to [A ®k F|. We define Br(K, F) := Kern(yp).

Let F'/K be a finite Galois extension of degree n with G := Gal(F/K) and let ¢ €
Z%(G, F*) be a 2-cocycle. Let A be the F-algebra with basis {u, | s € G} and

multiplication
(Z /\SUS)(Z [hstls) = Z (8, ) Ass (e st (2)

seG seG s,teG

We write A = (F, G, 1) and call A the crossed product of F' and G with respect to .
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Theorem 1.41 A = (F,G, %) is a central simple algebra over K of dimension n?.

PROOF: See [Ja, Theorem 8.7]. n

If F/K is a cyclic extension with G = (s), then we can choose ¢ to be the map

1 if0<i+j5j<n
v oiftn<i+j5<2n-2.

wv(s",sj) = {

for some v € K*, see [Ja, Section 8.5]. We write A = (F,s,7) and call A the cyclic
algebra defined by F'/K, the generator s of G and v € K*.

Theorem 1.42 (o) [A] = [(F, s,7)] is independent of the choice of v in
K*/Normp,k (F*).

(b) The map yNormp,(F*) — [(F,s,v)| defines an isomorphism of
F*/Normp/k (F*) with Br(K, F).

PROOF: See [Ja, Theorem 8.14]. n

Example 1.43 Let a € K* be any element such that F := K[z|/(z* + +a) 2 K.
Then F/K is an Artin-Schreier extension, so it is cyclic of degree 2 and G = Gal(F/K)
is generated by s : r = Az + Ay — (A + 1)z + Ay. Choose any b € K*. Then 1), is
given by the following values:

‘ (1,1) ‘ (s,1) ‘ (1,s) ‘ (s,s)
vy | 11 1 ] b

Let A = (F,s,b). Then as an additive group
A=Fu ® Fuy, =2 Kuy @ Kus @ Kzu, © Kxus.
We compute a multiplication table using formula (2):

H U1 ‘ Usg ‘ TUp ‘ TUg

Uy Uy Usg TUy TUg
Usg us | buy | Tus+ us | bruy + buy
TU || TUL | TUs | TUL + auy | TUs + AU
TUs || xUs | brug allg abuy

Hence the map given by u; — 1, us — j, xuy — ¢ and zug — 15 defines an isomor-

phism A = (‘%b)

We fix an a € K* such that F := K|x]/(2? + x + a) is a cyclic degree 2 extension of
K with Galois group G = {s}. Then by Example 1.43 for any b € K* we obtain the
quaternion algebra (“?b) as the cyclic algebra (F s,b).

Let v be a finite place of K and let w, denote the corresponding monic irreducible in
k[T).
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Proposition 1.44 If F/K splits at v, then (F,s,b) is unramified at v.

PRrROOF: By Example 1.43 we have D := (F|s,b) = (a?b) Hence D, := D @ K, =
<‘;<—f’> If F/K splits at v, then 22 + x + a has a solution over K,. That means there

is an a € K, such that a®> + a+a =0, and also (a +1)> + a + 1 + a = 0. Hence the
oY

map ¢ : (?(—fj) — M(K,) defined by i — (0 N 3 1) and j — (2 é) provides an

embedding of D, into My(K,). Since both D, and Ms(K,) are of dimension 4 over
K, we have D, = My(K,) and hence D is unramified at v. n

Proposition 1.45 If F//K is non-split at v, then (F,s,b) is unramified at v if and
only if b € Normp, /k, (F)).

PROOF: Let D := (F,s,b). Since F/K is non-split at v, the extension F,/K, is
a degree 2 Galois extension and it is clear from the construction of D that D, =
(Fy,s,b). Theorem 1.42 applied to the extension F,/K, implies that [D,] = [K,] if
and only if b € Normp, )k, (Fy). If [D,] = [K,] then there are n,m € N such that
M, (D,) = M,,(K,). But since D, is central simple over K,, we have D, = M,(A)
with A a division algebra over K,. Hence M,,(K,) = M,(D,) = M, (A). This is
only possible if A = K,. Since D, is of dimension 4 over K, this implies D, = My(K,).
On the other hand if D, = My(K,) then clearly [D,] = [K,]. =

If F/K is non-split at v, then F,/K, is a degree 2 extension of local fields. If this
extension is unramified, we have an easy criterion to decide whether some b € K} is
in Normp, /i, (F}):

Proposition 1.46 Suppose F'//K is unramified at v. Then b € Normp, /k, (F}) if and
only if v(b) =0 (mod 2).

PROOF: Since F, /K, is unramified it is an extension of residue fields. Hence we can
assume w.l.o.g. that K, =2 F,((T")) and F, = F2((T)) for some prime power g. Then

Image(Normp, i, (F}) = T?F,[[T]]*
which implies the Lemma. n

As a consequence to the above propositions we see that a cyclic algebra is only ramified
at a finite number of places, a fact we already know by Proposition 1.18:

Corollary 1.47 Let v be a finite place of K such that v(a) = 0 = v(b). Then (a—b)
1s unramified at v.

PROOF: Since v(a) = 0, the extension F,/K, either splits or is unramified. In the
first case by Proposition 1.44 we know that (“?b) is unramified at v. In the second case
we know by Proposition 1.46 that b € Normp, /k, (F;) and hence by Proposition 1.45
that (“?b) is unramified at v. n
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Definition 1.48 For w € k[T] monic irreducible and f € k[T| we define the Artin-
Schreier symbol

o) = {O if f=2+2 (mod @) for some z € k[T,

1 otherwise.
For f € k it is an easy task to evaluate the Artin-Schreier symbol [f, @):
Proposition 1.49 For f € k, w € k[T] monic irreducible we have
|f, @) = Traceyr, (f) deg(w) (mod 2).

We need to be able to decide whether F//K is split or non-split at a given place v.
We fix an uniformizer m, of K,. Let o denote the Laurent series expansion in 7, of a
at the place v. Then F/K is split at v if and only if the equation 22 + z = « has a
solution in K,. Before we can give a criterion we need a Lemma:

Lemma 1.50 Let k € N. Then 2% +x = a + 7 2% has a solution in K, if and only
if > +y = a+ 7% has a solution in K,.

PROOF: Suppose there is an « € K, such that 2> + z = a + 72, Set y :== x + 7.

Then

k k

V4ry=@+r )P ettt =22 tr+r ¥t =a+ah

This Lemma allows us to replace o with an o’ such that the principal part of « is 0
or v(«) is odd. The next two propositions treat these cases.

Proposition 1.51 Let o € K, with principal part 0 and let o denote the constant
coefficient. Then x? + x = « has a solution in K, if and only if (g, @,) = 0.

PRrOOF: First suppose oy = 0. Then by Proposition 1.49 we have [0, w,) = 0, hence
we have to show that z? + = « has a solution in K,. Set x := Y . a*". Because
v(a) > 0 this sum converges and 22 = 3 _ o', Hence 22 + = = o* = .

Now suppose oy # 0. Let o/ = o — . By the above there is an y € K, such that
y? +y = o. Hence 22 + v = a has a solution in K, if and only if 22 + = ag has a
solution in K,. But this is equivalent to [ag,w,) =0. =

Proposition 1.52 Let o € K, with non-zero principal part and suppose v(«) is odd.
Then x> + x = o has no solution in K,.

PROOF: Suppose there is an x € K, with 22 +z +a = 0 and let v(a) = 2m + 1 with
m < 0. Then v(z? + ) = 2m + 1, hence v(z) = m + ¢ Z, which is a contradiction.
|
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1.6.4 The case ¢ even, odd(R) =1

Again we first give an explicit description of the quaternion algebra D and its maximal

order A.

Lemma 1.53 Let R = {p1,...,p} be a set of finite places of K with deg(p;) odd for
all © and | even, let r be a monic generator of the ideal v = Hézl p; and let £ € k* with
Traceyr,(§) # 0. Then D = (%) is ramified exactly at the places py,...,p;.

PROOF: Let F':= K[z|/(z*+x+¢). By Proposition 1.51 and Proposition 1.49 the ex-
tension F, /K, is split at every finite place v of even degree, hence by Proposition 1.44
we know that D is unramified at every finite place of even degree. At a finite place
v of odd degree we know that F,/K, is non-split, but since v(§) = 0 we also know
that F,/K, is unramified. Hence by Proposition 1.46 we have r ¢ Normp, /i, (Fy) if
and only if v is one of the places p1, ..., p;. So by Proposition 1.45 D has the claimed
ramification property at all finite places.

At the infinite place D has to be unramified since by Proposition 1.18 the number of

ramified places of D is even. n

Let D := (%) as in the previous Lemma and A := (e := 1,ey :=1d,e3 1= j,e4 :=ij)a

throughout this section.

Proposition 1.54 A is a maximal order of D.

PROOF: It is clear that A is an order of D. We compute the square of the reduced
discriminant of A as the ideal generated by

det(trd(e;e;)i j=1,..4) = det

o O = O

S O ==

= O OO

o 3 O O
]

Hence disc(A) = v and so A is maximal. m

Lemma 1.55 Set ¢ = T9°8()/2¢=9/2 Then there is an o € K, such that

(

o, o r
—)2 4= —)=0.
22+ 24 e+ 5)

PROOF: Since deg(r) is even we have ¢ € K. By the definition of ¢ we have v (€ +
%) > 1, hence by Proposition 1.51 there is an x € K, such that 2° + = { + % and
hence o := xe does the job. n
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Fix a and ¢ as in the previous Lemma throughout this section.

Proposition 1.56 The map « : D — My(Ky,) defined by i — (? ﬁ) and j +

(? 55; a) gives an isomorphism of D @ Koo = My(Kw).

PROOF: Asin Lemma 1.33 we have to check that ¢(i) and «(7) fulfil the relations from
Definition 1.12. We have

Ji)? = (‘1) §)2 _ (g 2) + ((1) §> = &u(1) + (i)

)’ = <a §€+a)2 _ (a2+§82+a5 0 ) _ (i)

e« a? 4+ €€+ ae

and

by the choice of a and ¢. Finally we have

oo () (5 8- ) 9

= 1(7)(u(7) + (1))

We can compute the first n coefficients of o in K, = k((7)) in time O(n) by Newton
iteration, or we can use the constructive proof of Proposition 1.51.
Let vg := [L(0,0)]. We have

Stabr(vg) = GLa(O) K% NT D {a (é (1)) b ((1) ﬁ) La,b €k, (a,b) £ (0,0)}.

Hence the vertex vy is projectively unstable and m(vg) is a terminal vertex of T'\7.
Let v; := [L(1,0)]. As in the case of ¢ odd and odd(R) = 1 we distinguish the
cases V11 = 0 or Vi1 # 0. In the first case vy is also projectively unstable, 7(vy) a
terminal vertex of I'\7 and I"\7 consists of one edge connecting two terminal vertices.
In the other case v; is projectively stable and we use it as the initial vertex for the
algorithm 1.26. Hence Lemma 1.9 tells us that in the n-th step of the algorithm we
need to compare vertices of the form [L(n,g(w))], where g € k[T] with deg(g) < n
and ¢(0) = 0. We can do this in time O(n?):

Proposition 1.57 Given v = [L(n, g(7))] and v' = [L(n,¢'(7))] as above there is an
algorithm that computes Homr(v',v) in time O(n?).

PROOF: Since the proof is very similar to that of Proposition 1.34, we only sketch
the proof.
We have to compute the set

(00N~ () o))
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o (7;” g({?)) - (7:)” g’(lﬂ)) |

Any element 7 € A can be written as

(10 0 ¢ a feta e La
T_a(() 1)+b(1 1)+C(€ a >+d(a+5 55)'

Then 7 € YM(Os)(7')™!) means that there are v, w, z,y € Oy such that

where

S (U + 7 "g(m)z ¢ (m)v+ 7"w + 7 "g(n)g (7)x + g(w)y) ’

T " g (mr x4y
hence
v a
BlY|=al®
x c
Y d
with
10 o e
0 & ée+a Ea
A=
01 € a+e
11 Q e
and
1 0 g(m)m™™ 0
o @ = gmame o)
0 0 " 0
0 0 7 "g'(m) 1
Hence
a v
b _ A_lB w
c x
d y
and multiplying the matrices we see that the tupel (a,b,c,d) depends only on vy, o
and zo, .. ., x, where x; denotes the i-th coefficient of = (v, yo respectively). Regarding
Vo, Yo and o, ..., T, as indeterminates we get polynomials @y, yo.zo,...0n5 - - -

oo yo,20,.0n € k[T] whose coefficients are linear forms in vy, yo, Zo, - - -

Qg ,y0,20,---5Tn 0
- b 0

Homp(v/,v) — B 1A V0,40,205-,%n | o Oio ~ { }
Coo,y0,20,-,Tn 0

d'UOﬁUO:a?O ~~~~~ Tn O

Since B~ A has entries with valuation greater or equal —n — deg(r)/2 this leads to at
most 8n + 2 deg(r) linear equations over k in n+ 3 variables. To obtain this equations
we need to know an approximation of « up to 2n+deg(r)/2 coefficients. Solving these
linear equations can be done in time O(n?) using Gauss elimination.

|
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1.6.5 The case g even, odd(R) =0

1.7 Presentations of I' and the word problem

From I'\7 plus the labels on edges and projectively unstable vertices from algo-
rithm 1.26 we can construct a presentation of I' as an abstract group. This has been
explained in [Sel, Chapter [.4] interpreting I' as the amalgam of the stabilizers of the
vertices of I'\7 along the stabilizers of the edges connecting them. Compare also [Pa,
Theorem 3.6].

We cite the facts we will use from [Sel] to construct a presentation of I'.

Definition 1.58 (a) A mazimal subtree S of a graph G is a subgraph S C G which
is a tree and such that for any subgraph S C G' C G we have G’ is not a tree.

(b) Let G be a group action on a graph X. A tree of representatives of X (mod G)
is any subtree S of X which is the lift of a mazimal subtree of G\X .

In our example I' acts on the tree 7. If we remove any edge of I'\7 labelled with an
element of ', then we obtain a maximal subtree of I'\7". This subtree can be lifted to

a subtree S of 7 containing the initial vertex v. This lift is a tree of representatives
of T (mod G).

Lemma 1.59 Let G be a group acting on a connected graph X and let S be a tree of
representatives of X (mod G). Let Y be a subgraph of X containing S such that the
projection Edg(Y) — Edg(G\X) is a bijection and such that each edge e € Edg())
has t(e) or o(e) € Ver(S). For each edge e € Edg()) with o(e) € S let g. be an
element of G with g.t(e) € Ver(S). Then G is isomorphic to the group generated by

{g¢ | e € Edg(Y)} U {Stabg(v) | v € Ver(S)}.

PRrOOF: This is [Sel, Lemma 1.4.4] n

Each edge € = (#1,02) of I'\7 which has a label is labelled with either a v €
Homyp(v1,ws) or v € Homp(wy,vy) where vy and vy are the lifts of 77 and 05 in S
and w; and ws are adjacent vertices of vy and vy in 7. The subtree ) of 7 from the
Lemma can then be obtain by adding the vertices w; for each non-trivially labelled
edge of ['\7. The edge-label v than maps w; to some vertex of S. Hence the Lemma
implies that G is generated by the edge-labels plus the stabilizers of all vertices from
the tree of representatives S.

The relations these elements have to fulfil come from Theorem 13 of [Sel, Chapter
[.5] and the construction of the fundamental group «(I',),S) on [Sel, Page 42]|. In
our case, since for all non-terminal vertices v of & we have Stabr(v) = k*, which
commutes with all v € T', the relations are rather simple and we obtain the following:

Proposition 1.60 Let I'\7T be the output of algorithm 1.26. Fix a generator v, of
Stabr(v) for each terminal vertex of T\T (these stabilizers have been attached to the
vertices by the algorithm). Then T is isomorphic to the group generated by

{o} U{v | v terminal in T\T } U{vy | v appears as an edge-label of T\T }

subject to the relations

q+1

ot =1, v = for all v, [0,~] =1 for all 7y in the edge-labels.



1 QUATERNION QUOTIENT GRAPHS 31

In particular o lies in the center of I, as it should.

Example 1.61 In the Example 1.30 the group I' is generated by

{0-7/71117'"7’}/1)87717"'7/75}

with relations
4 6 _ _
ot =17, =0, o, =1

The word problem with respect to this set of generators was already solved by the
reduction algorithm from algorithm 1.28.
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