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The group PSL2(R) = SLa(R)/ £+ 1 acts on the
complex upper half-plane

H:={2e€C:I(z) >0}

by Mobius transformations
a b o % +b
c d)”  cz+d

Functions on $)/PSLy(Z) are called modular functions
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A modular form, is a holomorpic function on $ which
satisfies growth conditions and for every

y = (‘CL Z) € I'o(N) € PSLy(Z),

o faz+bY k
M) =1 (E52) = e+ i
Note that v € T'g(NV) if ¢ = 0 mod (N). We denote

the space of modular forms of weight k£ and level N
by M k (N )
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Since f(z+ 1) = f(z), we have a periodic function
and can consider the Fourier expansion

f(Z) — Zane%rinz — Zanqn

n>0 n>0

Note that as z — 700, ¢ — 0 so one can view this as a
Taylor series expansion about ¢ = 0 or the cusp

z = i00. The growth conditions on f guarantee the
Fourier expansion about the other cusps of I'g(N) as
well.
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If ag = 0 for the Fourier expansion of f about every
cusp of T'g(NN), then we way that f is a cusp form.
We denote the space of cusp forms by Si(N).

Notice that if n | N, then we have that
Sk(n) C Sk(N). Moreover, one can make Si(N) into
a Hilbert space via the Peterssen inner product.

Let S¢'¢ be the subspace spanned by Si(n). Then
Spe? is its orthogonal complement
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For m € N and f € My (N), Hecke defined

(Tmf)(z) = Z Z dk_lamn/d2 q"

n>0 \d|ged(m,n)

T, and T,, commute and Si(N) has a basis of Hecke
eigenforms.

If we normalize f so that a1 = 1, then T, f = a;f

If ged(m,n) =1, ama, = amy!

«0O>» «F»r «=>»



The L-function of f is defined simply via the
Dirichlet series

. a
n
L (57 f ) = F
n=1
L(s, f) converges for Re(s) > % + 1, has analytic
continuation, an Euler product expansion, and
satisfies a functional equation.
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If E is an elliptic curve over Q of conductor N, then
there is a modular form f of weight 2 and conductor
N such that L(s, F) = L(s, E).
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Identify $ with PSLy(R)/(SO(2)/ £ 1) and lift f to
PSLy(R).

Define the automorphic form attached to f via.

or (3 0) =t vars (20)

For v €T, ¢5(vg) = ¢5(9)-

For k € SO(2)/ £1, ¢y(gk) = m(k)¢s(g) and the
vector space < ¢¢(gk) >C C*°(PSLg(R)) is finite
dimensional.




The conditions that a modular form be holomorphic
and well-behaved at the cusps is also translated into
this language.

Using parabolic subgroups, we can define cuspidal
automorphic forms.

Further we an adelic formulation using

Lo(N) \ PSLy(R) ~ Z(A)G(Q) \ G(A) /Ky
where G = GL(2), Z = GL(1) and
Ky C Hp<oo G(Zp) x SO(2).
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Automorphic Representations

m To construct an automorphic representation, we
consider the space of L? automorphic forms. Then G
acts on this space by right translation

(9-0)(x) = ¢(xg)

m  The space of cusp forms decomposes under this action
into a sum of irreducible representations which are
called the cuspidal automorphic representations of G.
We denote an automorphic representation by (7, V)

T = ®,m, where each 7, is a representation of G(Q))
We obtain an automorphic representation

(77, G(A) - ¢¢) and the local representations are
completely determined by the Hecke operators and
the weight of f!
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Local Newforms

Theorem If (m,V) is a “nice” representation of GL(2,Q,) there
there is some n for which the space of vectors
invariant under I'o(p™), denoted V(n) is nonzero.
Moreover, if N is the least such integer, then the
dimension of V(Ny) is 1.

Finally, every element of V' can be obtained from
V(Nz) by applying level-raising operators and taking
linear combinations.

This theorem is very powerful as it enables the
computation of epsilon factors, Hecke eigenvalues and
the the L factors.
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Define the algebraic group GSp(4) to be the set of all
g € GL(4) such that tgJg = \(g)J for some
A€ GL(1).
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The group GSp(4,R)+ (where A\(g) > 0 acts on the
Siegel upper half-plane

99 :={Z € Mat(2 x 2,C) : Z(Z) > 0}
by transformations

g<Z>=(AZ+b)(CZ+D)™*

Whereg—<A B)
~\B C)’
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Siegel Modular Forms

A Siegel modular form, is a holomorpic function on
H9 such that for every

A B

Fly(2) = Mg)*det(CZ + D) " fF(g < Z >) = F(Z).

These are Siegel modular forms of paramodular level
one, but they are also of level one for the Siegel
congruence subgroups. The theory is quite varied
from here, and we will focus on the paramodular
groups.
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For N a positive integer we define
7Z NZ Z Z

e Z 7 Z Nz

NZ NZ NZ Z

Notice that I'P*?(N) ¢ T'P*"2(Np).
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A Paramodular form, is a holomorpic function on £
such that for every

_ A B para

F|y(Z) = Mg)*det(CZ + D) *F(g < Z >) = F(Z).
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Given cuspidal, irreducible, admissible representation
7 of GSp(4,A) which is invariant under I'P*#
We construct a Siegel modular form by choosing a

vector O.

Define F : 52 — C by F(Z) = A(R)*j(h, 1)*® (hoo)
where h € GSp(4,R)™ is such that h(I) = Z.
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Old and New Forms

Theorem (Roberts, Schmidt) If (7, V') is a “nice”
representation of GL(2,Q)) there there is some n for
which the space of vectors invariant under TP (p™),
denoted V (n) is nonzero.

Moreover, if N is the least such integer, then the
dimension of V(Ny) is 1.

Finally, every element of V' can be obtained from
V(Nz) by applying level-raising operators and taking
linear combinations.

This theorem is very powerful as it enables the
computation of epsilon factors, Hecke eigenvalues and
the L factors.
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The Paramodular Conjecture

Conjecture (Brumer and Kramer) There is a one-to-one
correspondence between isogeny classes of abelian
surfaces A over Q of conductor N with Endg(A) =Z
and weight 2 newforms F on TP*2(N)) with rational
etgenvalues, not in the span of the Gritsenko lifts,
such that L(A,s) = L(F,s). The ¢-adic
representations associated to F' should be isomorphic
to those of the Tate module of A for any £ prime to
N.
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We have two Hecke operators T'(1, 1, p, p) and
T(1,p,p,p?) on Mp(I'P¥3(N)) as follows. Let

1
1
]_—wpa,ra, N pra,ra N — I\para, N hz
™| (%) = Jreev)
p
and
p
1
ey | ) = e aon;
»?
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Let E be a real quadratic extension of Q with real
archimedean places co; and oco9
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Let E be a real quadratic extension of Q with real
archimedean places co; and oco9

Let f be a Hilbert modular form for E of weight (2,
2n+2) and level Ny.
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Let E be a real quadratic extension of QQ with real
archimedean places co; and oco9

Let f be a Hilbert modular form for E of weight (2,
2n+2) and level Ny.

To f we attach mg, a cuspidal irreducible automorphic
representation of GL(2, Ag) with trivial central
character.
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Statement of Theorem

Assume that 7y is not Galois-invariant and

T0,001 = Dy and 0,000 = Dopio withn >0 a
non-negative integer and Dj the holomorphic discrete
series representation of weight k. Let N = d%Ng (MNo),
where d is the discriminant of F/Q.

Then there exists a non-zero Siegel paramodular
newform F : $)o — C of weight £ =n + 2 and
paramodular level N. We describe the properties of
F below.
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For every prime p, let T(1,1,p,p) and T(1,p, p, p?) be
the Hecke operators on the space of Siegel modular
forms of degree two. Then

T(1,1,p,p)F = p" 3\, F and T(1,p,p,p*)F = p?*~*

where the Hecke eigenvalues A\, and p, are
determined by the Hecke eigenvalues of my as follows.
If p splits, let wy and we be the places above p. If p is
non-split, let w be the place above p.
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If val,(N) =0,

A — {])()\wl + Aw,) if p is split,
p =
0

if p is not split,
1, = P? 4 PAuy Ay, — 1 if p is split,
: —(p? + phw + 1) if p is not split.

= 1, then p splits and val,, (M) = 1,
valy, (Mo) = 0, and

)‘p = p)‘wl + (p + 1)>‘wza

,up = p>\w1 >\w2 .
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If val,(N) > 2, then:
p inert:

Hp = —P” = PAu;
p ramified:

0 if val, (M
)‘p =p)\w, [ = { ) w( 0)

—p*  if val, (M) >
p split and val,, (Do) < valy, (Mo):

0
)‘p = p()\wl +)\w2)’ Hp = {

if val,, (M) = 0,
_p2

if val,, (M) > 1.
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For every prime p|N, let U, be the Atkin-Lehner
operator. Then,

F|kUp = €pF
with

— e(1/2, 70,1, Yp, Ay, )(1/2, 70,055 Pp, dy,)  sPI
P e(1/2, Mo, Y, day, W, s, (—1) not

where 1, is an additive character of F,, with
conductor 0y,.
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For every prime p, we have an equality of Euler
factors

3
Ly(s+k— E’F) = Ly(s,mo),

where k =n + 2 and L,(s, F') is defined below for
every finite place p of Q. Moreover, we have the
functional equation

A2k —2—5,F) = (=1)*(J [ ep) N A(s, F)
pIN

where the completed L-function is defined as the
product

A(s, F) = (2m) 2 T(s)T(s — k +2) [] Ly(s, F).
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