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Introduction

e Mathematical systems theory aims at studying functional systems

e ODEs, PDEs, difference equations, time-delay equations. . .

@ Determined, overdetermined and underdetermined systems.

Determined: integration (closed-forms & numerical analysis).

@ Overdetermined: integrability & compatibility conditions

(Cartan, Riquier, Janet, Spencer... Grobner/Janet bases).

Underdetermined: parametrizations, conservation laws

© Mathematical physics (field theory, variational problems)
@ Control theory

© Differential geometry (e.g., Monge, Goursat, Gromov). ..
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Simple examples

e Determined: A € R™",  x(t) = Ax(t), x(0)= xo.

o= %, (01— A)x(£) = 0, det (91, — A) £ 0.
e Overdetermined: A ¢ R™*" C ¢ RP*", DAE:

x(t) — Ax(t) =0, ol,—A B
oo a=0 (M) e

= P0)z—Q(0)y =0.

x(t) — Ax(t) = z,
Cx(t) =y,

e Underdetermined: x(0) = x9, B € R"™"™

x(t) = Ax(t) + Bu(t) & (0l,—A — B) (X(t) ) — 0.

u(t)
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Computer algebra systems

e Remark 1: classical computer algebra systems are relatively good
at integrating determined PD systems in closed-form (e.g., Maple).

e Remark 2: classical computer algebra systems are relatively bad
at integrating overdetermined PD systems in closed-form.

e Example: 01 = 8X , Oh = ax , x = (x1,x):

a%+8182—(X1 +X2)81—1
> y(x) =0.
82+c’)182—(x1 +X2)82f1

e Remark 3: classical computer algebra systems usually cannot
integrate undetermined PD systems in closed-forms!

e Example: (01 02 03) A= 01 A1(x) + 02 Ax(x) + 03 As(x) = 0.
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Outline of the talk

© Module theory & homological algebra (e.g., exth,(N, D))

=- Parametrization of underdetermined linear functional systems
@ Baer's extensions (exth (M, N))

= Monge problem of underdetermined linear functional systems
= Maple package OREMODULES (Chyzak, Robertz, Q.).

@ Purity filtration (exth(exti, (M, D), D), spectral sequences)
= equidimensional decomposition of linear PD systems

= Integration of over/underdetermined linear PD systems

= Maple package PURITYFILTRATION (homalg in GAP4).
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Matrices of differential operators

e Newton: Fluxion calculus (1666) ( “dot-age”)

x1(t) + axi(t) —au(t) =0,
a=g/l
Xo(t) + ax(t) — au(t) =0,
@ Leibniz: Infinitesimal calculus (1676) (“d-ism")

d2X1(t)

o tax(t) —au(t) =0,
d2§§2(t) + ax(t) —au(t) =0.

@ Boole: Operational calculus (1859-60)
d? Xl(t
a2 0 _
0 mta —« u(t)
di.
. (o) [
. dy’ d\'_d d _d
Za,- (E) €D, a,'GQ(Ot), (E) :ao...oazﬁ.

i=0
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Functional operators

e Differential operator: (3 -0, bs(t) 9°) (37— ar(t) 0")

d
O:y'—>—y a=a(:), ay+——ay,

dt’
(03)) = 0(aly) = day) = S(ay) =2 ¥ + &,
= <a(9+ Zi) (v)-
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Functional operators

e Differential operator: (3 -0, bs(t) 9°) (37— ar(t) 0")

0:yn—>%, a=a(:), ay+——ay,
(03)) = 0(aly) = day) = S(ay) =2 ¥ + &,
§ da
:<ad+dt>(y).

e Shift operator: 0: y, — 0(Yn) = Ynt1, @ Yn+— anYyn,

(6 a)(yn) = a(a(yn)) = a(an yn) = U(an )/n) = dn+1Yn+1
= (a(a) 9)(yn)-
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Functional operators

e Differential operator: (3 -0, bs(t) 9°) (37— ar(t) 0")

d
O:y'—>—y a=a(:), ay+——ay,

dt’
(03)) = 0(aly) = day) = S(ay) =2 ¥ + &,
= <a@+ Zj) (v)-

e Shift operator: 0: y, — 0(Yn) = Ynt1, @ Yn+— anYyn,
(9 a)(yn) = 9(a(yn)) = 9(anyn) = o (anyn) = ant1ynt1
= (o(a) 0)(yn)-
@ Time-delay operator: 0: y — d0(y) = y(- — 7),
(0a)(y) = 9(a(y)) = 9(ay) =6 (ay) = a(- =) y(- = 7)
= (6(a) 9)(»)-
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Functional operators

e Other functional operators: difference, divided difference,
Eulerian, Frobenius, g-dilation, g-shift, g-difference. .. operators.

e Unique expansion: P =>""_ 3a;0", a; € A: domain of coeffs.

e Degree condition: da=ad+ 3 =a(a)d+ [(a), a, b, c € A.
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Functional operators

e Other functional operators: difference, divided difference,
Eulerian, Frobenius, g-dilation, g-shift, g-difference. .. operators.

e Unique expansion: P =>""_ 3a;8", a; € A: domain of coeffs.
e Degree condition: da=ad+ = a(a)d + B(a), a, b, c € A.
d(a+b)=al(a+b)0+ p(a+b),

da=a(a)o+ p(a),
db = a(b)d+ B(b),

datb)=datdb & { °
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Functional operators

e Other functional operators: difference, divided difference,
Eulerian, Frobenius, g-dilation, g-shift, g-difference. .. operators.

e Unique expansion: P =" 2a;0", a; € A: domain of coeffs.
e Degree condition: 0a=ad+ [ =a(a)d+ B(a), a, b, c € A

d(ab) =a(ab)d+ p(ab)
d(ab)=(da)b=(a(a)0+p(a)) b
= a(a) («(b) 9 + B(b)) + B(a) b,

- { a(ab) = a(a) a(b),

B(ab) = a(a) B(b) + B(a) b.

e « is an endomorphism of A and 3 is a a-derivation of A.
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Skew polynomial rings (Ore, 1933)

e Definition: A skew polynomial ring A[0; «, ] is a noncom-
mutative polynomial ring in @ with coefficients in A satisfying

VacA, ‘f)a:a(a)aJpﬁ’(a)‘

where a: A — A and B : A — A are such that:

a(l) =1,

pBla+b) = p(a) + A(
0(a+ b) = a(s) + 0(b). { )
a(ab) = a(a) a(b), B(ab) = a(a) B(b) + B(a)

e P € A[0;, 3] has a unique form P =" (2,0, a; € A.

@ Ring of differential operators: A [8 id, dt]
@ Ring of shift operators: A[0; ¢,0], A[0;6,0].
@ Ring of difference operators: A[0; 7,7 —id], Ta(x) = a(x + 1).

Alban Quadrat A short introduction to constructive algebraic analysis



Ore algebras (Chyzak-Salvy, 1996)

e We can iterate skew polynomial rings to get Ore extensions:

‘ Al01; a1, B1] - . - [On; an, Bl

e Definition: An Ore extension A[01; a1, (1] ... [0On; an, Bn] is called
an Ore algebra if the 0;'s commute, i.e., if we have

and the a;|,'s and §3;|,'s commute for i # j.

@ Ring of differential operators: A [al;id, 8%1} [6,,; id, 8%"].

@ Ring of differential delay operators: A [81; id, %] [02; 6,0].
@ Ring of shift operators: A[01;01,0]...[0n; on,0].
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Matrix of functional operators

e The stirred tank model (Kwakernaak-Sivan, 72):

Sal(t) + 219 sa(t) — u1(£) — tn(t) =

(*)
1 _ _
So(t) + 5 x(t) - (Cl VOC°> n(t—r)— (QVOCO> w(t—7) = 0.
e We introduce the commutative Ore algebra:
D = Q(@, Cp, C1, Co, V()) |:81 ld :| [82 5 0]
e The linear functional system (x) can be rewritten as:
ht = o 1 1 alt)
L+ ﬁ - - Xz(t) o
0 (91—&—1 _<C1—Co)82 _<C2—Co)82 up(t)
0 Vo Vo us(t)
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Matrix of functional operators

e Linearization of the Navier-Stokes ~ a parabolic Poiseuille profile

O +4y(1—y)oium —4Q2y —1)up —v (82 +82) 1 + 9 p =0,
atuQ—|—4y(1—y)@qu—V(@f—i—a}%)@—f—ﬁypzo, (*)
Oxup + 0y up =0. (e.g., Vazquez-Krstic, IEEE 07)

e Let us introduce the so-called Weyl algebra A3(Q(v))

0 .0 .0
D =Q(v)[t,x,y] [Gt;ld, &] [(‘L,ld, 8)(] [8y,1d, 8)/] .

(8Xy:y8X, (‘9Xx:x8X+17 axayzayax---):

e The system (x) is defined by the matrix of PD operators:

3t+4y(1—y)8x—y(8§+8§) —4(2y—-1) Oy
0 8t+4y(1—y)3x—1/(8§+8§) Oy
Ox Oy 0
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Noncommutative Grobner bases

o Let D = A[01; a1, 51] - - . [Om; @m, Bm] be an Ore algebra.

e Theorem: (Kredel, 93) Let A= k[x1,...,xn] be a commutative
polynomial ring (k = Q, F,) and D an Ore algebra satisfying

ai(x;) = aj x; + b,  Bi(x;) = cij,

for certain 0 # ajj € k, bjj € k, cjj € A and deg(cjj) < 1. Then, a
non-commutative version of Buchberger's algorithm terminates for
any term order and its result is a Grobner basis.

e Implementation in the Maple package Ore_algebra (Chyzak)
(Singular:Plural, Macaulay 2, NCAlgebra, JanetOre.. ).

e Grobner bases can be used to effectively compute over D'*P/F.
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Finitely presented left D-modules

e Let D be a left noetherian domain and R € D9*P.
e Let us consider the left D-homomorphism (left D-linear map):
pixa _R, pixp
A=(A1 ... Ag) — AR

e We introduce the finitely presented left D-module:

M = cokerp(.R) = D**? fimp(.R) = D'*?/(D™9 R)

e M is formed by the equivalence classes (1) of € D*P for the
equivalence relation ~ on D*P:

p1~pp & INeED9: pg — pp € DYYIR,
@ Number theory: C = R[x]/(x? + 1), Z[iv5] = Z[x]/(x? +5).

@ Algebraic geometry: Clx,y]/(x*> + y?> —1,x — y).



Linear systems of equations

e M = D™P /(D9 R) can be defined by generators and relations:

e Let {ex}k—1. p be the standard basis of D1*P:
e =(0...1...0).

e Let 7 : DY*P — M be the left D-morphism sending p to 7(u).
p

YmeM, Ipu=(u1 ... up) € D*P o m=n(p) :Z,ukﬂ(ek),
k=1

= {yk = m(ex)}k=1,...p is a family of generators of M.
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Linear systems of equations

e M = DP/(D'*9 R) can be defined by generators and relations:

o Let {ex}xk=1,. p be the standard basis of D1xp:
e =(0...1...0).

e Let 7 : D'*P — M be the left D-morphism sending p to 7(u).
VmeM, Ipu=(u1 ... pp) € D*P . m=m( Z,ukwek

= {yx = 7(ex)}k=1,...p is a family of generators of M.
p

m((Rin ... R pp)) (ZMGk)ZZR/kYk:O,/21,---761
k=1

=y =(y1 ... yp)' satisfies the relation Ry = 0.



Duality & solution space

e Let F be a left D-module and homp(M, F) the abelian group:

homp(M,F) ={f : M — F|f(d1 m + do mp) = dy f(m1) + db F(m2)}.

e Applying the contravariant left exact functor homp( -, F) to
ptxa K, ptxp T, m 0,

we obtain the following exact sequence of abelian groups:

Fe B pp 2T homp(M, F) — 0.

e Theorem: ‘homD(/\/l F)=kerr(R.)={ne FP|Rn=0} ‘

e Remark: homp(M, F) intrinsically characterizes kerz(R.) as it
does not depend on the embedding of kerz(R.) into FP.
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Linear functional systems

e Let F be a left D-module and M = D*P/(D'*9 R).

o let f: M — F be a left D-homomorphism. Then, we have:

f M — F

f(0) =0.
)/k:ﬂ_(ek) = 7Nk, k:]-a"'ap7 ( )
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Linear functional systems

e Let F be a left D-module and M = D*P/(D1*9 R).

o let f: M — F be a left D-homomorphism. Then, we have:

f M — F
yk:ﬂ—(ek) = Tk, k:]-a"-vp7

p
> Ruyx=0.
k=1

£(0) = 0.

p P
f <Z Ri )/k> =Y Ruf(y)=Y Rum=0, I=1,...4q.

p
k=1 k=1 k=1

= 7/:(711 7/p)Te_7-"p; Rn=0.
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Example: curl operator

e Let us consider D =Q [81;id, 3%1} [82;1(1, 8%2} [83; id, 8%3] and
the curl operator defined by:

0 -0 o
R = 9 0 -9 | eD¥3
-9 9 0

e Let us consider the D-homomorphism (D-linear map)

pix3 R, pix3
A (A03—A302 — A B+A301 X202 — A20h),
and the D-module M = cokerp(.R) = D**3/(D**3 R).
o If F = C>(Q), D(Q), S'(Q)... isa D-module, then:

kerr(R.) ={ne F> |V An=Rn=0}= homp(M,F).
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Free resolutions

e Definition: A sequence of D-morphisms M’ oM E M s
called a complex if go f =0, i.e., imf C kerg.

= The defect of exactness at M is H(M) = ker g/im f.
= The complex is exact at M if im f = ker g.
e Definition: A finite free resolution of a left D-module M is an
exact sequence of the form:

&} D].XI2 &) Dl)(/1 &) D1></0 L} M —s 07

I |; D].></,‘ i) D].X/;,l
R, € D ix -1
(Pr...P,) — (P1... PR

e Algorithm: Find a basis of the compatibility conditions of the
inhomogeneous system R; y = u by eliminating y (e.g., GB):

VPe kerD(.R,-), P(R,y) =Pu= Pu=0.
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2
e D=Q[x1,x], R= (

X
1 . We have the exact sequence:
X1 X2

0 — kerp(.R) — D2 B D T M = D/(x2, %1 x2) — 0

A= ()\1 )\2) € kerD(.R) = ()\1 X1+ Ao X2)X1 =0
S AMx1+HXAx=0

{ >\1 = 1 X2,
<~

Ao = — X1,
= A= o (X2 — Xl).
o lf R =(x2 — x1), then M admits the finite free resolution:

0D Rpr2 Rp T o
Ry = (u U2)T:>X2U1—X1U2:O.
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Extension functor ext’( -, F)

e We introduce the reduced free resolution of M by:
L plxk B, plxh R pixk g (y),

e Let F be a left D-module.
e Applying the functor homp( -, F) to (x), we obtain the complex:

Loph Boopn Beoph 0 ()
Rin «— g
Ry( «— ¢

e We denote the defects of exactness of (x%) by:

eXtOD(Maf) = homD(M,]:) = kery:(Rl.),
exth (M, F) = kerg (Rit1.) /imz (R;.), i> 1.

e Theorem: The abelian group exti, (M, F) depends only on M
and F but not on the choice of the reduced free resolution (x).
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X2
e D = Q[x1,x2], Rz( 1 ), Ro=(x —x):

X1 X2

0— D D2 K p T M=D/(x2 x1x) — 0.
e The reduced free resolution of M is the complex:
0—DLp2 R p o0 (¥
e Applying the functor homD( -, D) to (%), we get the complex:
0D p2 B pe .
ext® (M, D) = homp(M, D) = kerp(R.) = 0,
exth(M, D) = kerp(R,.)/imp(R.) = (R'D)/(RD) = D/(x1) # 0
ext? (M, D) = D/(R, D?) = D/(x1,x2) # 0,

where kerp(R'.) = R'D, R =(x1 x)".



Solving inhomogeneous linear systems

e Let F be a left D-module, { € F9 and R € DI*P.

e Problem: Find necessary and sufficient conditions for the
existence of n € FP such that Rn = (.

e Let M = D'*P/(D**9 R) the left D-module finitely presented by
R and the beginning of a finite free resolution of M:

prr =2, plxa R, plxe T, p o (x).
e Applying the functor homp( -, F) to (%), we get the complex:
FreoFa kg homp(M, F) «— 0.

= necessary conditions: ¢ € kerz(S.), i.e., S¢=0.

= necessary and sufficient conditions:
0= € kerr(S.)/(RFP) = ext(M, F).



Injective modules over a left noetherian ring

e Definition: A left D-module F is injective if
Vg>1, VReD9, V(EeEkerg(S.),

where kerp(.R) = DX’ S, there exists € F satisfying R = (.

e Proposition: If F is a injective left D-module, then we have:
exth(-,F)=0, Vi>1
e Example: If Q is an open convex subset of R", then
C*®(Q), D'(Q), S(Q), AL, 0(Q), B(Q)
are injective k [61; id, 8%1} . [8,,; id, aixn}—modules (k=R or C).
e Theorem: Injective left D-module always exists.
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Parametrizations of linear systems

e Let D be a domain, F a left D-module and R € D3*P,

e Problem: Find a set of compatibility conditions of Rn = (.
e Answer: kerp(.R) = D¥*" S =imp(.S), S¢=0.

e If F is an injective left D-module, then kerz(S.) = imz(R.):
V(€kerg(S.), IneFP: (=Rn.
e Converse problem: When does @ € DP*™ exist such that:
kerp(.Q) = D9 R =imp(.R)?
e If F is an injective left D-module, then kerz(R.) = im#(Q.):
Vnekerg(R.), ie. Rp=0, IE€F": n=QE
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Module theory

e Definition: 1. M is free if 3 r € Z4 such that M = D",

2. M is projective if 3 r € Z4 and a D-module P such that:
Mo P=D"

3. M is reflexive if & : M — homp(homp(M, D), D) is an
isomorphism, where:

e(m)(f)=f(m), YmeM, f&homp(M,D).
4. M is torsion-free if:
t(M)y={meM|30#AdeD:dm=0}=0.

5. M is torsion if t(M) = M.
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Classification of modules

e Theorem: 1. We have the following implications:
free = projective = reflexive = torsion-free.
2. If D is a principal domain (e.g., Q(t) [0;id, &]), then:
torsion-free = free.
3. If D is a hereditary ring (e.g., Q[t] [9;id, %]), then:
torsion-free = projective.
4. 1f D = k[x1,...,x,] and k a field, then:
projective = free  (Quillen-Suslin theorem).
4. If D = A,(k) or By(k), k is a field of characteristic 0, then
projective = free  (Stafford theorem),

for modules of rank at least 2.
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M = D%P/(D'¥9 R) N = D9/(R DP) F injective
with torsion t(M) = ext},(N, D) 0
torsion-free exth(N,D) =0 kerr(R.) = QFh

reflexive exthh (N, D) =0 kers(R.) = @ Fh

i=1,2 kerz(Q1.) = @ F"

projective extih (N, D) =0 kerz(R.) = @ Fh

= kerr(Q1.) = @2 Fh
stably free 1<i<n=gld(D) .

ker(Qn—1.) = Qn Fh
free 3 Qe DPXM T € DM*P, kerz(R.) = QF™,
kerp(.Q) = DYX9R, TQ=1pn | ITED™P: TQ=Ip
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game with one matrix

ptxa B, pixr Topm 0
D4 JRisH DP
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A game with one matrix

ptxa B, pixr Topm 0

0 - N < ps B pe
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A game with one matrix

ptxa B pe T, oM 0

0<—N<LD‘7<LDP£D’”
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A game with one matrix

pixa R, pxp T, oy 0

D1><q -R D1><p Q D1><m

R Q =0 = imD(.R) C kerD(.Q)
= t(M) = exth (N, D) = kerp(.Q)/imp(.R).
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A game with one matrix

ptxa Ropbe T, om0

D1><q R D1><p Q D1><m

R D1><p Q D1><m

Dl><q’

t(M) 22 exth (N, D) = kerp(.Q)/imp(.R)
— (D1><q/ Rl)/(Dqu R)
0 — t(M) - M -2 M/t(M) — 0, M = DYP /(D9 R),
= M/t(M) = D**P/(D**9 R").

Alban Quadrat A short introduction to constructive algebraic analysis



A game with one matrix

D1><r’

D™IRC D™ R =

/
R}
—

pixa B pxe T.m g
| |
D1><q _R> D1><p _Q) D1><m
LR | |
D1><q’ il> Dixp _Q> plxm
AR"e D9 . R=R'R.

t(M) = exth(N, D) = (D**9 R /(D**9 R)

I

(Dqul Rl)/ D1><(q+"/) R// R/
R, R’
g Dlxq// Dlx(q+r/) R//
R
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t(M) and M/t(M)

exth(N, D) 2 t(M) = (D9 R') /(D9 R),
M/t(M) = DY*P/(D**9 R').

e DX4RC DXV R = JR'e DI :R=R'R.
e Since (D9 R')/(D**9 R) is a torsion left D-module, then:

dP,eD: P,'7T(R,{.) =0 < 7T(P,' R,{.) =0

R!
:>E|,LL,‘€D1XqZP,'RI{.:'u,'R<:>(P,' _,Ui)< I%’):O.

= Find the compatibility conditions of

R”r: iy al
jo 1 =TI S8 Pyt =0, k=1,...,m;.
Rn=0.
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Involutions and adjoints

e Definition: A linear map 6 : D — D is an involution of D if:
VP, Qe D: 0(PQ)=0(Q)A(P), 6*=id.
e Example: 1. If D is a commutative ring, then 0 = id.
2. An involution of D = A [81;id, 8%1} [(‘%;id, a%n} is:
VaeA, 0(a(x))=a(x), 00;)=-90;, i=1,...,n.
3. An involution of D = A [01;id, &] [05;6,0] is defined by:
VaeA, 0(a(t))=a(-t), 6(0)=0;, i=12.
e The adjoint of R € D9*P is defined by O(R) = (0(R;))" € DP*9.
o N = D¥9/(DY*PH(R)) is called the adjoint of M.
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o D= AQ(Q) and R = (81 0r» x101+ X2 82)

O(R) = (0(01) 6(d2) O(x1 01 +x20))"
= (=01 —0 0(01)0(x1)+0(02)0(x2))"
=(=01 - —x1—x)"

:*(([)1 O» X181+X2@2+2)T.

e 0(R) is the formal adjoint R of R in the theory of distributions.

Alban Quadrat A short introduction to constructive algebraic analysis



Extension functor exth (N, D)

4. 9(P)z=y = Ry=0 L

f {3
involution 6 involution 6
i) i3

3. 0=Pu £ YR)A=p 2
Pof(R)=0 = 6(Pofd(R)) =6%(R)od(P)
= Ro6(P) =0,

5. 0P)z=y =<2 Ry=0 R €DI*P

exth(N, D) = (D' R')/(D'*9 )

6. Using GB, we can test whether or not ext} (N, D) = 0.
exth(N,D)=0 = Ry=0 < y=Qz, Q=0(P).



Wind tunnel model (Manitius, IEEE TAC 84)

1. The w.t.m. is defined by the underdetermined system:

Oh+a —kad 0 0 Xl(t)
0 o -1 0 fgg —0
3
0 w? O +2Cw —w? u(t)
2. We compute 6(R) = RT and define 0(R) A = u:
(014 a) A\ =,
—kadr A1+ 01 X +w2)\3:,u2, @)

X2+ (01 +2Cw) A3 = us,

—w2 /\3 = U4.
(2) is overdetermined SR compatibility conditions Py = 0.
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Wind tunnel model (Manitius, IEEE TAC 84)

3. We obtain the compatibility condition Py = 0:

(WPkadr w?(01—a) w? (07+adh) p
1

(O3 +2¢wdi+ a0 +w?d +2aCwd + aw?)) : =0.

Ha
4. We consider the overdetermined system PT z = y.

wzkaﬁzz:xl,

w? (01 — a) z = xo, (4)

w? (02 +a01)z = xs,

(P +2Cw+a)d?+ (W +2aw() +aw)z = u.

5. The compatibility conditions of PT z = y are exactly generated
by Ry =0 and (4) is a parametrization of the w.t.m.
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Moving tank (Petit, Rouchon, IEEE TAC 02)

1. The model of a moving tank is defined by:

t
o~ b0 n(t)
5 5 ya(t) =0.
ys(t)
2. We compute §(R) = R and define O(R) A = 1

N+ 0195 N2 = 1,
—0105 M1 — 01 M2 = pa, (2)
38]2_ O A1+ 38]2_ O Ao = 3.

(2) is overdetermined SR compatibility conditions Py = 0.
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Moving tank (Petit, Rouchon, IEEE TAC 02)

3. We obtain the compatibility condition P = 0:

H1
(2010, —addr —(1+3)) | w2 | =0.

H3

4. We consider the overdetermined system PT z = y.

ad10rz =y,
*381 822 = V2, (4)
—(1+ 6%)2 = ys.

5. The compatibility conditions of PT z =y are R’y = 0:

11 0 ),
0 (1+8§) —38182 Y2 -

¥3
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Moving tank (Petit, Rouchon, IEEE TAC 02)

t(M) = exth(N,D) =
pD1x2 1 1 0 / pix2 o —0105 adiods
0 1482 —adds 8,02 -8 add

yi+y2 =z,
My —NnByr+adidhys =0, = 01(05— 1)z =0.
N3y —Oyr+adidy; =0,

81y1—81322y2+38%82y320, — ({)1(({)22*1)22:0.
003y —O1yr+ad20ry; =0,

{ (1+03)y2—ad10ry3 = 2,
=

z1(t) and z(t) are torsion elements.
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Examples: reflexive modules

e div-curl-grad: V.B=0& B=VAAVAA=0< A=VT.

e First group of Maxwell equations:

0B - - - L 0A -
- ANE=0 __oA
V.B=0, B=VAA
A sv_g A=V,
j)tq . & S
VAA=D, Vi=—5;

e 3D stress tensor: Maxwell, Morera parametrizations. . .

e Linearized Einstein equations (10 x 10 system of PDEs)?

= OREMODULES (Chyzak, Robertz, Q.)
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Duality and parametrizations of systems

ptxa = ptxr T, M —0
0— N pr Bopp & pm
pixa R, pp -9 plxm ()
pixd R pixp Q  pixm
o If F is a left D-module, then the complex holds:
FaR g & Fm e, QF™Ckers(R.).
e If F is injective, then the exact sequence holds:
FOE e Q& gm el kerp(R) = QFM.
o If t(M) = (D9 R')/(D'9R) = 0 and F is injective, then:
kerr(R.) = QF™.



Monge parametrization

e kerp(.R') = DY R}. If F be a left D-module then:

R'n=20,
Rn=0 < R'(Rn)=0 < R"6 =0,
R, 9 = 0.

Integration of R = 0 in cascade:
@ Find a “general solution” 6 € FP of:

F6 =0, :
To—o0 (over)determined system.

@ Find a particular solution n* € FP of Sn = 0.
@ If F is injective then kerz(S5.) = Q F™ and:

m *
VEEF™, n=n"+ Q&



Example: Tank model (Petit-Rouchon, IEEE TAC, 02)

e We consider a model of the motion of a fluid in a 1-dimensional
tank described by the OD time-delay system:

yi(t) = y2(t —2h)+ ays(t — h) =0,
yi(t = 2h) = ya(t) + ayz(t — h) = 0.

e Let D = Q(a)[0,9] and M = D¥*3/(D**2 R), where:

9 —06% «d?s
R — c D2><3.
( 282 -0 «d?s )

e Computing exth(N, D), where N = D?/(R D3), we get R; =0,
—add
0 Pyl IV I 0 N (0 0
== (0] = s = .
, |’ 0 —1-6* adé 96% 9
144
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Example: Tank model (Petit-Rouchon, IEEE TAC, 02)

e We first integrate the torsion elements R” 6 = 0

) ) _ (a— )
{01<t)+02<r)=o, L) @ = v

61(t — 2 h) +65(t) = 0, Oa(t) = —u(t) + a1 — (clz—th) -

for all c1, o € R and all arbitrary 2 h-periodic ¢ of F = C*°(R).

e A particular solution of the inhomogeneous system R’y = 0

t,

Bl(t) () = () + 9

—alt) = yalt — 2 + (e~ B) = —o(t) + @~ L
nie) =5 (v + 19 2y atel)
nt) =y (v + @ 2 lazral)
ys(t) = 0.
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Example: Tank model (Petit-Rouchon, IEEE TAC, 02)

e The general solution of the homogeneous system R’z = 0 is:
z1(t) = —a(t - h),
Ve F, 2(t) = a(t — h),
z3(t) = &(t) + &(t — 2h).
e Finally, the general solution of Ry = 0 is defined by
1 .
y(t) = 2 ((0) + e+ G) —ad(t— ),
1 .
vo(t) =5 (0(t) + Gt — G) + ag(t — h),
y3(t) = &(t) + &(t —2h),

for all Gi, G5 € R, all arbitrary 2 h-periodic ¢ of F and all £ € F.
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Monge parametrization

e Proposition:
Q0 — t(M)— ML M/t(M) — 0 splits, i.e.:

M= t(M)o M/t(M).

@ There exist X € DPX9' | Y € D9%9 and Z € D9*" such that:
R/l
R'X+(Y 2) o | = Iy (%)
2

© There exist X € DPX9, Y ¢ DI%9st. R  —R'XR = YR.

e Applying (x) to 7, we get: 7=R'(X7) = n*=XT7.

e If F is injective, then n = X7+ Q¢&, VE € F™.

e M/t(M) is projective iff R" admits a generalized inverse:
RRXR =R.



Example: Tank model (Dubois-Petit-Rouchon, ECC 99)

o We consider another model of the motion of a fluid in a
1-dimensional tank described by the OD time-delay system:

yi(t —2h) + ya(t) — 2y3(t — h) =0,
yi(t) +y2(t —2h) —2y3(t — h) =0,

e Let D = Q[0,8] and M = D¥*3/(D'*2 R), where:

P 52 1 296 C p3
1 62 —206 ’

e Computing cxtb(N, D), where N = D?/(R D3), we get R, =0,
260 )
/ 1 -1 0 " 1) 1
R = , Q=] 260 |.R" = .
0 1+6° —206 9 1 1
1496
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Example: Tank model (Dubois-Petit-Rouchon, ECC 99)

e We first integrate the torsion elements R” 6 = 0
01(t — 2, h) + 62(t) = 0, o 02(t) = —01(1),
91(t)+92(t) =0, 91(t—2h)—01(t) =0,
for all arbitrary 2 h-periodic 6; of F = C>*(R).
e Let us find a particular solution y* of Ry = 6. The matrices
1 P 1 00
X==1 -1 == .
2 O f. ¥ 2 ( 11 )
0 0

satisfy the identity R — R*" X R' = Y R

yi(t) = 361(t),
=y " =X0= y2*(t):—191(t),
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Example: Tank model (Dubois-Petit-Rouchon, ECC 99)

e The general solution of the homogeneous system R’z = 0 is:

VEéeF, Zg(t):
z3(t) = £(t) + (1 —2h),

e Finally, the general solution of Ry = 0 is defined by

(1) =3 04(0) +26(¢ - )
ya() = =1 01(1) + 2€(e — )
1(6) = £(6)+ €t — 20),

for all arbitrary 2 h-periodic #; of F and all £ € F.

Alban Quadrat A short introduction to constructive algebraic analysis



Flexible rod (Mounier, Rudolph, Petitot, Fliess, ECC 95)

e We consider a model of a flexible rod with a torque described by:

Ja(t) =yt — h) - ya() = 0,
291(t — h) — ya(t) - jalt — 2 ) = 0.

e Let D = Q[0,8] and M = D¥*3/(D*2 R), where:

3} —09¢ -1 23
R = e D=*°.

206 —0(1+4%) 0

e Computing exth (N, D), where N = D?/(R D3), we get
_ 2
/ 20 1;55 X L4\, (0 -1 0
R=1 Q= 261—-6%0 )0 " \o —5 1)’
06 -0 6

and Rb=(0 -4 1).
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Flexible rod (Mounier, Rudolph, Petitot, Fliess, ECC 95)

e We first integrate the torsion elements (R”7  R,")T 0 = 0:

—92:0, 691:0, 91:C€R,
—06,+ 63 =0, = 0, =0, = 6, =0,
891—502+93:0, 93:0, 03 = 0.

e We can check that the D-module M/t(M) = D3 /(D3 R') is
projective and R’ admits the following generalized inverse:

5 00
X =z 2 00 |, ie, RXR =FR.
2 0

= y*=X0=(c/2 c 0)7 isa particular solution of R'y = 0.
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Flexible rod (Mounier, Rudolph, Petitot, Fliess, ECC 95)

e The general solution of the homogeneous system R’z = 0 is:
z1(t) = &(t) + (¢ — 2h),
ngj:, ZZ(t):2€(t_h)>
z3(t) = &(t) — &(t — 2h),

e Finally, the general solution of Ry = 0 is defined by

yi(t) =3 c+&(t) +&(t—2h),
yo(t) = c+2&(t — h),
ya(t) = &(t) — &(t — 2h),

where c is an arbitrary constant and £ an arbitrary function of F.
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Purity filtration

e Let us consider the beginning of a finite free resolution of M:
0 M ™ D1><po Ry D1><p1 Ry D1><p2 -R3 D1><p3.
e Let R;; = R;, pji = p; and the Auslander transposes:

Nii — DIP/(R,' Dpffl) — DPii/(RI.I. DP(/-1)/)_

Dpr-1s Ros Dpos Bz ppis Bos pras B, ppss s, N
T F_y3. T Fos. T Fi3. H

Dpr-12 Roz Dpoz B2 P Bz pree B2, N L

TF—lz- TFuz- H

P11 Roy Po1 Ry P11 f11

D D — D — Ny — 0

0 — Droo Lo, Noo — 0,
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Purity filtration

D1xp-13 ﬁ D1xpo3
| Foi3 | Fos
D1Xp-12 & D1xpo2
| Fop | Foo
pixp-u R pixpy
D1xp-13 & D1xpo3 &
| Fs | .Fos
pixp-z  Re pixpn R
| Fon 1 Fo
pixpon R pixpn  Fu

.Ri13
—

.Ri2
«—=

Ri1
PRAS

D1%pPi3
LFly

D1%Pl,
LA,

D1*Pu

D1xp13

l F13
D1xp12

pDlxpi
Ry
-R3,

-R3
PRCLE

D1%P3
L F

D1%P2
LR,

DY<Pa
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Purity filtration

DX

Dx

Ros i3 Riy
Dlxp-1s D1xpos
/ %
Ry: Ry
03 D1xpos 3 Dlxpis Fi3
F_q3 Foz
X2
Ro Riy m
Dixp-12 < Dlxpoz < —
Y
Foa Fos Fis
Iy, T, R
-Roz . Rz | ,
p-12 D1%poz Dlxpiz F,
Foga Foz
X2
-Ro gh Ry,
D1¥p-11 < D1*por <
FOsT v v
Foz dpi,
'Illfn 'Illm 'R/l,l
Ro ist
po11 Dxpo Dixpu
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Purity filtration

/
Fr-1s Ros Fros Big-
Ty s / /
Fp-1s Ros.- FPpos Ris
F_y3. Fos. \
Koo
/
Froiz Roo , Froz B, N
Foig
Fos. Fis.
" IP 12" " II'U!‘
Fp-12 Ros- Fpoz R
F_qs. Fyy. \
Xia.
, /
T R » JFPo1 Ry, > FPu
F_q. Foo. Ip,,-
I, B Iy, -
]_'p,n RUI f/‘H] R‘1> f/‘l

a
Fys.
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Purity filtration

e Theorem: The following system equivalence holds:

Riin =20

eRu=R, R|,=R,

=

/N /!
Rll == R y

Ri1 (=,
Fio 1 = 7o,
R{; ™ =0,
R 7 =0,
Fi3m =13,
R{, T =0,
Réz ™ =0,
{/3 73 =0,
Ré3 T3 — 0.
Ry, = Rj.
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Purity filtration

F{2 F{3 l;_—\;{/3
So=Ry, Si=| Ry |, SS=| R, |, S= ( R > .
R Ra, *

@ kerz(Ss.) has dimension < dim(D) — 3 when it is non-trivial
(= dim(D) — 3 when kerp(.R3) = 0),

@ kerz(S».) has dimension dim(D) — 2 when it is non-trivial,

© kerz(S1

Q kerz(So.) has dimension dim(D) when it is non-trivial.

S1.) has dimension dim(D) — 1 when it is non-trivial,

e Example: If A= k[x1,...,xn], k[x1,...,xn], where k is a field
of char(k) =0, or k{x1,...,xn}, where k =R or C, then:

. ., 0 L 0]
dim <A [81,1d, 8)(1] [8n,1d, 6X,,]> = 2n.
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Purity filtration

v :kerg(P.) — kerg(Ri1.)
¢

T1
— 0=,
T2

73

v 1:kerr(Ri1.) — kerg(P.)

C IP01

n = , , n.
T2 Fi2 R11
T3 F{3 F{Q Ril
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elet D=0Q [Ol;id, a%} [82;id, 8%2} [03;101, 8%} > Q[01, D, 5,

0 -2 85-28-0 -1
0 0;5-201 28 -30 1
95 —60, —20,—-50, -1

R= ,
0 Oh—01 Oy — 01 0
155, —01 —0r — 01 0
o1 —01 —201 0

and the D-module M = D¥**/(D**6 R).

e Computing the purity filtration of M, we get;

M2=N= D1><11/(D1><23 P)
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01 —207+ 03 -1

0

—28;

1
-1

—29;
—201 + 03

—60;
—01 + Oy

03

0

—8
781

02

01

401 — 03

1

03

401 — 03

1

01 — 02
1 — &

0
o

0

—05
01

A short introduction to constructive algebraic analysis
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_827-3 :07
—837'3:07 & m=cq €R
0113 =0,
.
T3 — 13 = 0,
T23 = T3 = (1,
1 =0,
1 =0,
—T1+ (401 — 33) 122 = 0, &

(401 —03) 122 =0,

49, — O 1, =0
1 + (401 3) 22 + 03 23 ) (01 — 2) 720 = O,

(01 — 02) T2 =0,

= 11 =0, ™2 = fi(x3 + % (x1 + x2)), where f; is an arbitrary
smooth function, and 73 = ¢1, where ¢; is an arbitrary constant.
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=201 112 + 113 — 721 = 0,
—T12 — 722 = 0,

T11 — T12 — 723 = 0,

—201 112 + 7113 = 0,
(=201 + 03) 112 — 13 = 0,
037111 — 601 7120 + 713 = 0,
(=01 + 02) 12 =0,

02111 — 017112 =0,

01711 — 017112 =0,

T2 = —Tp = —f(x3 +  (x1 + %)),
& 7112712+723=—f1(x3+%(><1 + x2)) + ¢,
T3 =201 T12 + 21 = —% fi(xs + % (x1 + x2)).
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(1—CG—711=0,
Q+¢G—T12=0,
(01 =202+ 03)(3—Ca— 113 =0,
(1 —GQ=-hls+ 3 (a+x))+a,
s G+G=—-A0s+1(a+x)),
(01 —200+33) 35— Ga=—L Al + 1 (a+x)).

G=¢-hla+i0a+x))+a,

G=—€— il + 3 (xa+x)),

G =2¢,

(o= (0120 +33)E+ S A+ L (xa + x)),
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—201m+03m3 —202m3 — 013 —na =0,
By —201m+202m3 —301m3+n4 =0,
O3m — 60112 —202m3 —501m3 — 4 = 0,
O2m2 — 0112 + 023 — 0113 =0,

Oam —O1m2 — Oamz — 013 =0,

O1m — 0112 —201m3 =0,

m=E&— s+ 3 (a+x))+a,

m=—&— Al + 5 (xa+ x)),

3 =¢,

ma = (01— 202+ 03) €+ 2 Ailxs + 3 (1 + x2)),

where ¢ (resp., fi, c1) is an arbitrary function of C°(R3) (resp.,
C*(R), constant).
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