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Goal

”Real life example” for quotient space in Sage that Jason
introduced:

Λ ring of symmetric functions
Monomial symmetric functions mλ

Λ(k) = Λ/〈mλ | λ1 > k〉

dual k -Schur function S
(k)
λ labeled by k -bounded partitions

λ form basis for Λ(k)

How to access them in Sage?
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Symmetric group

Definition (Symmetric group)
The symmetric group Sn

generators s1, . . . , sn−1

relations

sisj = sjsi for |i − j | ≥ 2
sisi+1si = si+1sisi+1

s2
i = 1
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Stanley symmetric functions

Introduced in 1984 by Stanley
used to study # of reduced words of w ∈ Sn

closely related to Schubert polynomials of Lascoux and
Schützenberger (related to geometry of flag varieties)
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nilCoxeter algebra

Definition (nilCoxeter algebra)
The nilCoxeter algebra

generators u1, . . . ,un−1

relations

uiuj = ujui for |i − j | ≥ 2
uiui+1ui = ui+1uiui+1

u2
i = 0

C[Sn] group algebra of symmetric group
inner product 〈w , v〉 = δw ,v
linear operators ui : C[Sn]→ C[Sn] for 1 ≤ i < n

uiw =

{
siw if `(siw) > `(w)

0 else
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Definition

...by Fomin-Stanley using the nilCoxeter algebra

Definition

Fw (x) =
∑

a=(a1,...,a`)

〈Aa`
(u) · · ·Aa1(u) · 1,w〉xa1

1 · · · x
a`
`

where a is a composition and

Ak (u) =
∑

b1>···>bk

ub1 · · · ubk

symmetry follows since Ak (u) commute
Stanley symmetric functions are stable limits of Schubert
polynomials

Fw = lim
s→∞

S1s×w
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Properties

Theorem (Stanley)
1 Fw (x) is a symmetric function.
2 [x1 · · · x`(w)]Fw (x) = number of reduced words for w
3 Unique dominant term in monomial expansion:

Fw = mµ(w) +
∑

λ<µ(w)

awλmλ

4 Conjugacy formula: ω(Fw ) = Fw∗ where
∗ : w1 · · ·wn → (n + 1− wn) · · · (n + 1− w1)

Theorem (Edelman-Greene, Lascoux-Schützenberger)
The coefficients awλ in the Schur expansion Fw =

∑
λ awλsλ

are nonnegative.
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Affine symmetric group

Definition

The affine symmetric group S̃n

generators s0, s1, . . . , sn−1

relations

sisj = sjsi for |i − j | ≥ 2
sisi+1si = si+1sisi+1

s2
i = 1

Remark
All indices i ∈ [0,n − 1] are taken modulo n.
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Affine nilCoxeter algebra

Definition
The affine nilCoxeter algebra Un

generators u0,u1, . . . ,un−1

relations

uiuj = ujui for |i − j | ≥ 2
uiui+1ui = ui+1uiui+1

u2
i = 0

Representation of Un on C[S̃n]

uiw =

{
siw if `(siw) > `(w)

0 else
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Cyclically decreasing words

Definition
Let a = a1a2 . . . ak be a word without repetition, ai ∈ [0,n − 1].
A = {a1, . . . ,ak} ⊂ [0,n − 1].
a is cyclically decreasing if for all i such that i , i + 1 ∈ A, i + 1
preceeds i in a.

Example
n = 9
The word 082654 is cyclically decreasing.

Definition
u ∈ Un is cyclically decreasing if u = ua = ua1 · · · uak for some
cyclically decreasing word a.

u is completely determined by A⇒ write uA
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Affine Stanley symmetric functions

Definition

F̃w (x) =
∑

a=(a1,...,a`)

〈ha`
(u) · · · ha1(u) · 1,w〉xa1

1 · · · x
a`
`

where
hk (u) =

∑
A∈([0,n−1]

k )

uA
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Subspaces of Λ

Λ ring of symmetric functions
Pk set of partitions {λ | λ1 ≤ k} k = n − 1

Λ(k) := C〈hλ | λ ∈ Pk 〉 = C〈eλ | λ ∈ Pk 〉 = C〈pλ | λ ∈ Pk 〉

Λ(k) := C〈mλ | λ ∈ Pk 〉

Hall inner product 〈·, ·〉:
for f ∈ Λ(k) and g ∈ Λ(k) define 〈f ,g〉 as the usual Hall inner
product in Λ
{hλ} and {mλ} with λ ∈ Pk form dual bases of Λ(k) and Λ(k)

Λ(k) is a subalgebra

Λ(k) is not closed under multiplication, but comultiplication
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Properties

Theorem
1 F̃w (x) is a symmetric function in Λ(k)

2 [x1 · · · x`(w)]F̃w (x) = number of reduced words for w
3 Unique dominant term in monomial expansion:

F̃w = mµ(w) +
∑

λ<µ(w)

bwλmλ

4 Conjugacy formula: F̃w∗ = ω+(F̃w )
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Grassmannian elements

Definition

w ∈ S̃n is Grassmannian if it is a minimal coset representative
of S̃n/Sn (i.e. all reduced words end in s0).

Theorem

{F̃w | w ∈ S̃n/Sn} form a basis of Λ(k) for k = n − 1.

F̃w indexed by Grassmannians are the dual k -Schur functions
of Lapointe-Morse S

(k)
λ ∈ Λ(k).

Definition

k -Schur functions are the dual basis in Λ(k) of {S(k)
λ | λ ∈ P

k}.
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Dual k -Schur functions

Bijection S̃n/Sn → Pk

k = 2 =

• • • •
• •
• 7→

{S(k)
λ | λ ∈ P

k} basis of Λ(k) = C〈mλ | λ ∈ Pk 〉

{s(k)
λ | λ ∈ Pk} basis of Λ(k) = C〈hλ | λ ∈ Pk 〉

〈s(k)
µ ,S

(k)
λ 〉 = δλµ dual bases
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Characters

k -characters:
pν =

∑
λ∈Pk

χ
(k)
λ,ν s(k)

λ

S(k)
ν =

∑
λ∈Pk

1
zλ
χ

(k)
ν,λ pλ

Dual version:
pν =

∑
λ∈Pk

χ̃
(k)
λ,ν S

(k)
λ

s(k)
ν =

∑
λ∈Pk

1
zλ
χ̃

(k)
ν,λ pλ
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